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ABSTRACT. Let X be a compact connected CR manifold of dimension 2n − 1, n ≥ 2. We
assume that there is a transversal CR locally free S1 action on X. Let Lk be the k-th
power of a rigid CR line bundle L over X. Without any assumption on the Levi-form of X,
we obtain a scaling upper-bound for the partial Szego˝ kernel on (0, q)-forms with values
in Lk. After integration, this gives the weak Morse inequalities. By a refined spectral
analysis, we also obtain the strong Morse inequalities in CR setting. We apply the strong
Morse inequalities to show that the Grauert-Riemenschneider criterion is also true in the
CR setting.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
The problem of embedding CR manifolds is prominent in areas such as complex analy-
sis, partial differential equations and differential geometry. Let X be a compact CR man-
ifold of dimension 2n − 1, n ≥ 2. When X is strongly pseudoconvex and dimension of X
is greater than or equal to five, a classical theorem of L. Boutet de Monvel [6] asserts that
X can be globally CR embedded into CN , for some N ∈ N. For a strongly pseudoconvex
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001-003-MY2, the Golden-Jade fellowship of Kenda Foundation and Academia Sinica Career Development
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2CR manifold of dimension greater than five, the dimension of the kernel of the tangential
Cauchy-Riemmann operator ∂b is infinite and we can find many CR functions to embed
X into complex space. Inspired by Kodaira, the first-named author and Marinescu intro-
duced in [16] the idea of embedding CR manifolds by means of CR sections of tensor
powers Lk of a CR line bundle L→ X. To study Kodaira type embedding theorems on CR
manifolds, it is crucial to be able to know
Question 1.1. When dimH0b (X,L
k) & kn, for k large, where H0b (X,L
k) denotes the space
of global smooth CR sections of Lk.
Inspired by Demailly [8, 9] (see also Getzler [11]), the first-named author and Mari-
nescu established in [16] analogues of the holomorphic Morse inequalities of Demailly for
CR manifolds.
Theorem 1.2 (Theorem 1.8, [16]). We assume that Y (0) and Y (1) hold at each point of
X. Then as k →∞,
− dimH0b (X,Lk) + dimH1b (X,Lk)
6
kn
(2π)n
(
−
∫
X
∫
Rx,0
∣∣det(RLx + 2sLx)∣∣ ds dvX(x)
+
∫
X
∫
Rx,1
∣∣det(RLx + 2sLx)∣∣ ds dvX(x)) + o(kn),
(1.1)
where RLx is the associated curvature of L at x ∈ X, H1b (X,Lk) denotes the first ∂b coho-
mology group with values in Lk, Lx denotes the Levi form of X at x ∈ X, and for x ∈ X,
q = 0, 1,
Rx,q = {s ∈ R; RLx + 2sLx has exactly q negative eigenvalues
and n− 1− q positive eigenvalues}.(1.2)
When Y (0) and Y (1) hold, from Kohn’s results we know that dimH0b (X,L
k) < ∞ and
dimH1b (X,L
k) <∞. From (1.1), we see that if
(1.3)
∫
X
∫
Rx,0
∣∣det(RLx + 2sLx)∣∣ dsdvX(x) > ∫
X
∫
Rx,1
∣∣det(RLx + 2sLx)∣∣ dsdvX(x)
then L is big, that is dimH0b (X,L
k) & kn. This is a very general criterion and it is desirable
to refine it in some cases where (1.3) is not easy to verify. In general, it is very difficult
to see when (1.3) holds even L is positive. The problem comes from the presence of
positive eigenvalues of RLx and negative eigenvalues of Lx. By using Theorem 1.2 to
approach Question 1.1, we always have to impose extra conditions linking the Levi form
and the curvature of the line bundle L. Similar problems also appear in the works of
Marinescu [19, 20], Berman [4] where they studied the ∂-Neumann cohomology groups
associated to a high power of a given holomorphic line bundle on a compact complex
manifold with boundary. In order to get many holomorphic sections, they also have to
assume that, close to the boundary, the curvature of the line bundle is adapted to the Levi
form of the boundary. In [13], by carefully studying semi-classical behaviour of microlocal
Fourier transforms of the extreme functions for the spaces of lower energy forms of the
associated Kohn Laplacian, the first-named author prove that L is big when L is positive,
Y (0) and Y (1) hold onX under certain Sasakian conditions onX and L without any extra
condition linking the Levi form of X and the curvature of L. All these developments need
the assumptions that the Levi form satisfies condition Y (0) and Y (1).
However, in some important problems in CR geometry, we need to know when L is
big without any assumption of the Levi form. For example, Ohsawa and Sibony [23]
3studied Kodaira type embedding theorems on Levi-flat CR manifolds. In their work, it
is important to understand the space H0b (X,L
k) for k large. Adachi [1] constructed a
positive CR line bundle L over a Levi-flat compact CR manifold X of dimension 2n − 1
such that dimH0b (X,L
k) . kn−1 < kn for k large. We are lead to ask
Question 1.3. Can we establish some kind of Morse inequalities and Grauert-Riemenschneider
criterion on some class of CR manifolds without any Levi-curvature assumption?
The purpose of this work is to answer Question 1.3.
1.1. Our main results. Let us now formulate our main results. We refer to section 1.2
for some standard notations and terminology used here. Let (X,T 1,0X) be a compact
connected CR manifold of dimension 2n − 1, n > 2. Let L be a rigid CR line bundle over
X. For every u ∈ Ω0,q(X,Lk), we can define Tu ∈ Ω0,q(X,Lk) and we have
(1.4) T∂b = ∂bT on Ω
0,q(X,Lk),
where ∂b : Ω
0,q(X,Lk)→ Ω0,q+1(X,Lk) denotes the tangential Cauchy-Riemann operator.
For every m ∈ Z, put
(1.5) Ω0,qm (X,L
k) :=
{
u ∈ Ω0,q(X,Lk); Tu = imu
}
.
From (1.4), we have the ∂b-complex for every m ∈ Z:
(1.6) ∂b : · · · → Ω0,q−1m (X,Lk)→ Ω0,qm (X,Lk)→ Ω0,q+1m (X,Lk)→ · · · .
For every m ∈ Z, the m-th Fourier component of ∂b cohomology is given by
(1.7) Hqb,m(X,L
k) :=
Ker ∂b : Ω
0,q
m (X,Lk)→ Ω0,q+1m (X,Lk)
Im ∂b : Ω
0,q−1
m (X,Lk)→ Ω0,qm (X,Lk)
.
The starting point of this paper is that without any Levi curvature assumption, for every
m ∈ Z and every q = 0, 1, 2, . . . , n− 1, we have
(1.8) dimHqb,m(X,L
k) <∞.
Fix λ ≥ 0 and set Hqb,≤λ(X,Lk) :=
⊕
m∈Z,|m|≤λ
Hqb,m(X,L
k). In this work, we study the
asymptotic behavior of the space Hqb,≤kδ(X,L
k) and its partial Szego˝ kernel. Our main
results are the following
Theorem 1.4 (weak Morse inequalities). For k large and for every q = 0, 1, 2, . . . , n− 1, we
have
(1.9)
dimHqb,≤kδ(X,L
k) ≤ (2π)−n (−1)
q
(n− 1)!k
n
∫
X
∫
Rx,q
⋂
[−δ,δ]
(iRLx+i2sLx)n−1∧(−ω0(x))ds+o(kn),
where RLx denotes the curvature of L, Lx denotes the Levi form of X, ω0 is the unique
global non-vanishing real one form determined by 〈ω0 , U 〉 = 0, ∀U ∈ T 1,0X ⊕ T 0,1X
and 〈ω0 , T 〉 = −1 and
(1.10)
Rx,q := {s ∈ R : RLx + 2sLx has exactly q negative and n− 1− q positive eigenvalues}.
Although the eigenvalues of the Hermitian quadratic form RLx + 2sLx, s ∈ R are cal-
culated with respect to the rigid Hermitian metric 〈·|·〉, the sign does not depend on the
metric. Note thatRLx ,Lx ∈ T ∗1,0x X∧T ∗0,1x X (see Definition 1.13). Hence, (RLx+2sLx)n−1∧
(−ω0(x)) is a global 2n− 1 form on X. Any Hermitian fiber metric hL on L induces a cur-
vature RL. It is easy to see that the integral in (1.9) does not depend on the choice of
Hermitian fiber metric of L.
4Theorem 1.5 (strong Morse inequalities). For k large and for every q = 0, 1, 2, . . . , n − 2,
we have
q∑
j=0
(−1)q−jdimHjb,≤kδ(X,Lk)
≤ (2π)−n k
n
(n − 1)! (−1)
q
q∑
j=0
∫
X
∫
Rx,j
⋂
[−δ,δ]
(iRLx + i2sLx)n−1 ∧ (−ω0(x))ds + o(kn),
(1.11)
and when q = n− 1, we have asymptotic Riemann-Roch-Hirzebruch theorem
n−1∑
j=0
(−1)jdimHjb,≤kδ(X,Lk)
= (2π)−n
kn
(n − 1)!
n−1∑
j=0
∫
X
∫
Rx,j
⋂
[−δ,δ]
(iRLx + i2sLx)n−1 ∧ (−ω0(x))ds + o(kn).
(1.12)
Demailly [8, 9] proved remarkable asymptotic Morse inequalities for the ∂ complex
constructed over the line bundle Lk on compact complex manifold as k →∞, where L is
a holomorphic Hermitian line bundle. He solved with their help a generalized version of
the Grauert-Riemenschneider. The original version of the conjecture had been solved pre-
viously by Siu [21, 22]. Shortly after, Bismut[5] gave a heat equation proof of Demailly’s
inequalities which involves probability theory.
Definition 1.6. We say that (L, hL) is a positive rigid CR line bundle over X if for any point
p ∈ X, RLp is a positive Hermitian quadratic over T 1,0p X.
Assume that RL is positive. The point of this paper is that if δ > 0 is small enough then
Rx,j ∩ [δ, δ] = ∅, ∀x ∈ X and for every j = 1, 2, . . . , n− 1. From this observation, (1.9) and
(1.12), we conclude that
dimH0b,≤kδ(X,L
k) = (2π)−n
1
(n− 1)!k
n
∫
X
∫
Rx,0
⋂
[−δ,δ]
(iRLx+i2sLx)n−1∧(−ω0(x))ds+o(kn).
Hence, dimH0b,≤kδ(X,L
k) ≈ kn. We conclude that
Theorem 1.7. If L is a positive rigid CR line bundle, then L is big, that is dimH0b (X,L
k) &
kn when k ≫ 1.
We notice that from Theorem 1.4 and Theorem 1.5 and some simple argument, we
can easily deduce Demailly’s weak and strong Morse inequalities (see the proof of Corol-
lary 1.27).
Definition 1.8. We say that condition X(q) holds on X if there is a δ > 0 such that
Rx,q
⋂
[−δ, δ] = ∅, ∀ x ∈ X.
In this work, we generalize Grauert-Riemenschneider criterion to CR manifolds with S1
action and to general (0, q)-forms.
Theorem 1.9 (Grauert-Riemenschneider criterion). Given q ∈ {0, 1, . . . , n − 1}, assume
that X(q − 1) and X(q + 1) hold on X. Then, for some δ > 0,
(1.13)
dimHqb,≤kδ(X,L
k) = (2π)−n
(−1)q
(n− 1)!k
n
∫
X
∫
Rx,q
⋂
[−δ,δ]
(iRLx+i2sLx)n−1∧(−ω0(x))ds+o(kn).
5Definition 1.10. We say that L is a semi-positive rigid CR line bundle over X if there exists
a constant δ > 0 such that RLx + 2sLx is a semi-positive Hermitian quadratic over T 1,0x X for
any x ∈ X, |s| < δ.
When L is semi-positive, it is easy to see that condition X(1) holds on X. From this
observation and Theorem 1.9, we obtain the Grauert-Riemenschneider criterion in the CR
setting.
Theorem 1.11. If L is a semi-positive rigid CR line bundle and positive at a point, then L is
big.
1.2. Set up and terminology. Let (X,T 1,0X) be a compact connected CR manifold of
dimension 2n−1, n ≥ 2, where T 1,0X is a CR structure ofX. That is, T 1,0X is a subbundle
of rank n − 1 of the complexified tangent bundle CTX, satisfying T 1,0X ∩ T 0,1X = {0},
where T 0,1X = T 1,0X, and [V,V] ⊂ V, where V = C∞(X,T 1,0X). We assume that X
admits a S1 action: S1 ×X → X. We use eiθ to denote the S1 action. For x ∈ X, we say
that the period of x is 2πℓ , ℓ ∈ N, if eiθ ◦ x 6= x, for every 0 < θ < 2πℓ and ei
2π
ℓ ◦ x = x. For
each ℓ ∈ N, put
(1.14) Xℓ =
{
x ∈ X; the period of x is 2πℓ
}
and let p = min {ℓ ∈ N; Xℓ 6= ∅}. It is well-known that if X is connected, then Xp is an
open and dense subset of X (see Duistermaat-Heckman [10] and Appendix in [15]) and
the Lebesgue measure m(X \Xp) = 0. For simplicity, in this work, we assume that p = 1
and we denote Xreg := X1.
Let T ∈ C∞(X,TX) be the global real vector field induced by the S1 action given as
follows
(1.15) (Tu)(x) =
∂
∂θ
(
u(eiθx)
) ∣∣∣
θ=0
, u ∈ C∞(X).
Definition 1.12. We say that the S1 action eiθ, 0 ≤ θ < 2π, is CR if
[T,C∞(X,T 1,0X)] ⊂ C∞(X,T 1,0X).
Furthermore, we say that the S1 action is transversal if for each x ∈ X,
T (x)⊕ T 1,0x (X) ⊕ T 0,1x X = CTxX.
We assume throughout that (X,T 1,0X) is a CR manifold with a transversal CR S1 action
eiθ, 0 ≤ θ < 2π and we let T be the global vector field induced by the S1 action. Let
ω0 ∈ C∞(X,T ∗X) be the global real one form determined by 〈ω0 , U 〉 = 0, for every
U ∈ T 1,0X ⊕ T 0,1X and 〈ω0 , T 〉 = −1.
Definition 1.13. For x ∈ X, the Levi-form Lx is the Hermitian quadratic form on T 1,0x X
defined as follows. For any U, V ∈ T 1,0x X, pick U ,V ∈ C∞(X,T 1,0X) such that U(x) =
U,V(x) = V . Set
(1.16) Lx(U, V ) = 1
2i
〈[U ,V ](x), ω0(x)〉
where [ , ] denotes the Lie bracket. Note that Lx does not depend on the choice of U and V.
Denote by T ∗1,0X and T ∗0,1X the dual bundles of T 1,0X and T 0,1X, respectively. Define
the vector bundle of (0, q)-forms by T ∗0,qX := ΛqT ∗0,1X. Let D ⊂ X be an open subset.
Let Ω0,q(D) denote the space of smooth sections of T ∗0,qX over D and let Ω0,q0 (D) be the
subspace of Ω0,q(D) whose elements have compact support in D. Similarly, if E is a vector
bundle, then we let Ω0,q(D,E) denote the space of smooth sections of T ∗0,qX ⊗E over D
6and let Ω0,q0 (D,E) be the subspace of Ω
0,q(D,E) whose elements have compact support
in D.
Fix θ0 ∈ [0, 2π). Let
deiθ0 : CTxX → CTeiθ0xX
denote the differential map of eiθ0 : X → X. By the property of transversal CR S1 action,
we can check that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,
deiθ0(T (x)) = T (eiθ0x).
(1.17)
Let (deiθ0)∗ : Λq(CT ∗X) → Λq(CT ∗X) be the pull back of deiθ0 , q = 0, 1 · · · , n − 1. From
(1.17), we can check that for q = 0, 1, · · · , n − 1,
(1.18) (deiθ0)∗ : T ∗0,q
eiθ0x
X → T ∗0,qx X.
Let u ∈ Ω0,q(X) and define Tu as follows. For any X1, · · · ,Xq ∈ T 1,0x X,
(1.19) Tu(X1, · · · ,Xq) := ∂
∂θ
(
(deiθ)∗u(X1, · · · ,Xq)
) ∣∣∣
θ=0
.
From the definition of Tu it is easy to check that Tu = LTu for u ∈ Ω0,q(X), where LTu is
the Lie derivative of u along the direction T . It is straightforward to see that (see also the
discussion after Theorem 1.31)
(1.20) T∂b = ∂bT on Ω
0,q(X).
Definition 1.14. Let D ⊂ X be an open set. We say that a function u ∈ C∞(D) is rigid if
Tu = 0. We say that a function u ∈ C∞(X) is Cauchy-Riemann (CR for short) if ∂bu = 0.
We say that u ∈ C∞(X) is rigid CR if ∂bu = 0 and Tu = 0.
Definition 1.15. Let E be a complex vector bundle over X. We say that E is rigid (resp. CR,
resp. rigid CR) if there exists an open cover (Uj)j ofX and trivializing frames
{
f1j , f
2
j , . . . , f
r
j
}
on Uj, such that the corresponding transition matrices are rigid (resp. CR, resp. rigid CR).
The frames
{
f1j , f
2
j , . . . , f
r
j
}
are called rigid (resp. CR, resp. rigid CR) frames.
Example 1.16. LetX be a compact CR manifold with a locally free transversal CR S1 action.
Let {Zj}j be a trivializing frame of T 1,0X defined in (1.59). It is easy to check that the
transition functions of such frames are rigid CR and thus T 1,0X is a rigid CR vector bundle.
Moreover, detT 1,0X the determinant bundle of T 1,0X is a rigid CR line bundle.
Example 1.17. Let (L, h)
π→ M be a Hermitian line bundle over a complex manifold M .
Consider the circle bundle X = {v ∈ L : h(v) = 1} over M . Then X is a compact CR
manifold with a globally free transversal CR S1 action. Let E be a holomorphic vector bundle
overM . Then the restriction of the pull back π∗E|X on X is a rigid CR vector bundle over X.
From now on, let L be a rigid CR line bundle over X. We fix an open covering (Uj)j
and a family (sj)j of rigid CR frames sj on Uj . Let L
k be the k-th tensor power of L. Then
(s⊗kj )j are rigid CR frames for L
k. Let s be a rigid CR frame of L on an open subset D ⊂ X
and locally for any u ∈ Ω0,q(X,L), write u = u˜⊗ s, u˜ ∈ Ω0,q(D), we define Tu = T u˜⊗ s.
Since the transition functions are rigid CR, Tu is well defined. Moreover, we have
(1.21) T∂b = ∂bT on Ω
0,q(X,L).
7Fix a Hermitian fiber metric hL on L. If s is a local rigid CR frame of L on an open
subset D ⊂ X, then the local weight of hL with respect to s is the function Φ ∈ C∞(D,R)
for which
(1.22) |s(x)|2hL = e−Φ(x), x ∈ D.
Definition 1.18. Let L be a rigid CR line bundle and let hL be a Hermitian metric on L. The
curvature of (L, hL) is the the Hermitian quadratic form RL = R(L,h) on T 1,0X defined by
(1.23) RLp (U, V ) =
1
2
〈
d(∂bΦ− ∂bΦ)(p), U ∧ V
〉
, U, V ∈ T 1,0p X, p ∈ D.
Due to [16, Proposition 4.2], RL is a well-defined global Hermitian form, since the
transition functions between different rigid CR frames are annihilated by T .
1.3. Hermitian CR geometry. Fix a smooth Hermitian metric 〈·|·〉 on CTX so that T 1,0X
is orthogonal to T 0,1X, T is orthogonal to T 1,0X ⊕ T 0,1X and 〈T |T 〉 = 1. The Hermitian
metric 〈·|·〉 on CTX induces by duality a Hermitian metric on CT ∗X and also on the
bundles of (0, q)-forms T ∗0,qX, q = 0, 1 · · · , n − 1. We shall also denote all these induced
metrics by 〈·|·〉. For every v ∈ T ∗0,qX, we write |v|2 := 〈v|v〉. We have the pointwise
orthogonal decompositions
CT ∗X = T ∗1,0X ⊕ T ∗0,1X ⊕ {λω0 : λ ∈ C},
CTX = T 1,0X ⊕ T 0,1X ⊕ {λT : λ ∈ C}.(1.24)
Definition 1.19. Let D be an open set and let V ∈ C∞(D,CTX) be a vector on D. We say
that V is rigid if
(1.25) deiθ(V (x)) = V (eiθx)
for any x, θ ∈ [0, 2π) satisfying x ∈ D, eiθx ∈ D.
Definition 1.20. Let 〈·|·〉 be a Hermitian metric on CTX. We say that 〈·|·〉 is rigid if for rigid
vector fields V,W on D, where D is any on open set, we have
(1.26) 〈V (x)|W (x)〉 = 〈(deiθV )(eiθx)|(deiθW )(eiθx)〉,∀x ∈ D, θ ∈ [0, 2π).
From theorem 9.2 in [14], there is always a rigid Hermitian metric 〈·|·〉 on CTX such
that T 1,0X⊥T 0,1X,T⊥(T 1,0X ⊕T 0,1X), 〈T |T 〉 = 1 and 〈u|v〉 is real if u, v are real tangent
vectors. Until further notice, we fix a rigid Hermitian metric 〈·|·〉 on CTX such that
T 1,0X⊥T 0,1X,T⊥(T 1,0X ⊕ T 0,1X) and 〈T |T 〉 = 1.
Definition 1.21. Let L be a rigid CR line bundle. A Hermitian fiber metric hL on L is said
to be rigid if TΦ = 0 for local weight Φ with respect to any rigid CR frame.
The definition does not depend on the choice of rigid CR frame.
Lemma 1.22. There is a rigid Hermitian fiber metric on L. Moreover, for any Hermitian
metric h˜L on L, there is a rigid Hermitian metric hL of L such that R˜L = RL on X, where
R˜L and RL denote the curvatures induced by h˜L and hL respectively.
We will prove Lemma 1.22 in the end of section 1.5. Until furthermore, we assume that
hL is a rigid Hermitian fiber metric on L. For k > 0, k ∈ Z, we shall consider (Lk, hLk).
For m ∈ Z, put
(1.27) Ω0,qm (X,L
k) := {u ∈ Ω0,q(X,Lk) : Tu = imu}.
8Let ( · | · )
hLk
be the L2 inner product on Ω0,q(X,Lk) induced by hL
k
, 〈 · | · 〉 and let ‖·‖
hLk
denote the corresponding norm. Let s be a local rigid CR frame of L on an open set
D ⊂ X. For u = u˜⊗ sk, v = v˜ ⊗ sk ∈ Ω0,q0 (D,Lk), we have
(1.28) (u|v)
hLk
=
∫
X
〈u˜|v˜〉e−kΦ(x)dvX ,
where dvX is the volume form on X induced by the rigid Hermitian metric 〈 · | · 〉. Let
L2(0,q),m(X,L
k) be the completion of Ω0,qm (X,Lk) with respect to (·|·)hLk . For m ∈ Z, let
(1.29) Qqm,k : L
2
(0,q)(X,L
k)→ L2(0,q),m(X,Lk)
be the orthogonal projection with respect to (·|·)
hLk
. Fix δ > 0, let Fδ,k : L
2
(0,q)(X,L
k) →
L2(0,q)(X,L
k) be the continuous map given by
(1.30) Fδ,k(u) :=
∑
|m|≤kδ
Qqm,ku.
Let ∂
∗
b,k : Ω
0,q+1(X,Lk)→ Ω0,q(X,Lk) be the formal adjoint of ∂b with respect to (·|·)hLk .
Since 〈·|·〉 and hLk are rigid, we can check that
(1.31) T∂
∗
b,k = ∂
∗
b,kT on Ω
0,q(X,Lk), q = 0, 1, · · · , n− 1,
and
(1.32) ∂
∗
b,k : Ω
0,q+1
m (X,L
k)→ Ω0,qm (X,Lk),∀m ∈ Z.
Put

(q)
b,k := ∂b∂
∗
b,k + ∂
∗
b,k∂b : Ω
0,q(X,Lk)→ Ω0,q(X,Lk).
From (1.21), (1.31)and (1.32) we have
(1.33) T
(q)
b,k = 
(q)
b,kT on Ω
0,q(X,Lk), q = 0, 1, · · · , n− 1,
and
(1.34) 
(q)
b,k : Ω
0,q
m (X,L
k)→ Ω0,qm (X,Lk),∀m ∈ Z.
We will write 
(q)
b,k,m to denote the restriction of 
(q)
b,k on the space Ω
0,q
m (X,Lk). For every
m ∈ Z, we extend (q)b,k,m to L2(0,q),m(X,Lk) in the sense of distribution by
(1.35) 
(q)
b,k,m : Dom(
(q)
b,k,m) ⊂ L2(0,q),m(X,Lk)→ L2(0,q),m(X,Lk),
where Dom(
(q)
b,k,m) = {u ∈ L2(0,q),m(X,Lk) : 
(q)
b,k,mu ∈ L2(0,q),m(X,Lk)}. The following
follows from Kohn’s L2 estimate (see theorem 8.4.2 in [7]).
Theorem 1.23. For every s ∈ N0 = N ∪ {0}, there exists a constant Cs,k > 0 such that
(1.36) ‖u‖s+1 ≤ Cs,k
(
‖(q)b,ku‖s + ‖Tu‖s + ‖u‖s
)
,∀u ∈ Ω0,q(X,Lk)
where ‖ · ‖s denotes the sobolev norm of order s on X.
From Theorem 1.23, we deduce that
Theorem 1.24. Fix m ∈ Z, for every s ∈ N0, there is a constant Cs,k,m > 0 such that
(1.37) ‖u‖s+1 ≤ Cs,k,m
(
‖(q)b,k,mu‖s + ‖u‖s
)
,∀u ∈ Ω0,qm (X,Lk).
From Theorem 1.24 and some standard argument in functional analysis, we deduce the
following Hodge theory for 
(q)
b,k,m.
9Theorem 1.25. Fix m ∈ Z. (q)b,k,m : Dom((q)b,k,m) ⊂ L2(0,q),m(X,Lk)→ L2(0,q),m(X,Lk) is a
self-adjoint operator. The spectrum of 
(q)
b,k,m denoted by Spec(
(q)
b,k,m) is a discrete subset of
[0,∞). For every λ ∈ Spec((q)b,k,m) the λ-eigenspace
(1.38) Hqb,m,λ(X,Lk) :=
{
u ∈ Dom(q)b,k,m : (q)b,k,mu = λu
}
is finite dimensional withHqb,m,λ(X,Lk) ⊂ Ω0,qm (X,Lk) and for λ = 0 we denote byHqb,m(X,Lk)
the harmonic space Hqb,m,0(X,Lk) for brevity and then we have the Dolbeault isomorphism
(1.39) Hqb,m(X,Lk) ∼= Hqb,m(X,Lk).
From Theorem 1.25 and (1.39), we deduce that dimHqb,m(X,L
k) <∞,∀m ∈ Z.
1.4. Our strategy. Denote by det(RLx + 2sLx) the product of all the eigenvalues of RLx +
2sLx with respect to the given rigid Hermitian metric. Since
Ω0,qm (X,L
k)⊥Ω0,qm′ (X,Lk),
when m,m′ ∈ Z and m 6= m′, we write
(1.40) Ω0,q≤kδ(X,L
k) :=
⊕
m∈Z,|m|≤kδ
Ω0,qm (X,L
k)
and in particular,
(1.41) Hqb,≤kδ(X,Lk) :=
⊕
m∈Z,|m|≤kδ
Hqb,m(X,Lk).
Here δ is a small constant. Then we have the following Hodge theory
(1.42)
dimHqb,≤kδ(X,Lk) <∞,Hqb,≤kδ(X,Lk) ⊂ Ω0,q≤kδ(X,Lk),Hqb,≤kδ(X,Lk) ∼= Hqb,≤kδ(X,Lk).
Let fj ∈ Ω0,q≤kδ(X,Lk), j = 1, · · · ,mk be an orthonormal basis for the space Hqb,≤kδ(X,Lk).
The partial Szego˝ kernel function is defined by
(1.43) Πq≤kδ(x) :=
mk∑
j=1
|fj(x)|2hLk .
It is easy to see that Πq≤kδ(x) is independent of the choice of the orthonormal basis and
(1.44) dimHqb,≤kδ(X,Lk) =
∫
X
Πq≤kδ(x)dvX .
The following is our first main technique result.
Theorem 1.26.
(1.45) sup{k−nΠq≤kδ(x) : k > 0, x ∈ X} <∞.
Furthermore, we have
(1.46) lim sup
k→∞
k−nΠq≤kδ(x) ≤ (2π)−n
∫
Rx,q
⋂
[−δ,δ]
|det(RLx + 2sLx)|ds
for all x ∈ X.
From Theorem 1.26 and by Fatou’s lemma, we obtain Theorem 1.4. From Theorem 1.4
and some simple argument, we deduce
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Corollary 1.27 (Demailly’s weak morse inequalities). Let M be a compact Hermitian
manifold with dimCM = n − 1 and (L, hL) be a Hermitian line bundle over M . Then
∀q = 0, 1, 2, . . . , n− 1,
(1.47) dimHq
∂
(M,Lk) ≤ kn−1(2π)−(n−1)
∫
M(q)
|detRLx |dvM (x) + o(kn−1),
whereHq
∂
(M,Lk) denotes the q-th ∂-cohomology group with values in Lk, dvM is the induced
volume form on M , RLx , x ∈ M is the Ricci curvature of the Hermitian line bundle (L, hL)
andM(q) is a subset ofM whereRLx has exactly q negative eigenvalues and n−1−q positive
eigenvalues.
Proof. Let X = M × S1. Then X is a Levi-flat CR manifold of dimRX = 2n − 1 with S1
action eiθ and the global induced vector field is T = ∂∂θ . Let π1 : X = M ×S1 →M be the
natural projection. Then L1 := π
∗
1L is naturally a rigid CR line bundle over X. It is easy
to see that
(1.48) dimHq
∂
(M,Lk) =
1
2k + 1
dimHqb,≤k(X,L
k
1).
From (1.9), we have
dimHqb,≤k(X,L
k
1)
≤ (2π)−nkn
∫
X
∫
Rx,q∩[−1,1]
|detRL1x + 2sLx|dsdvX + o(kn)
= (2π)−nkn
∫
M×S1
∫
Rx,q∩[−1,1]
|detRL1x |dsdvX + o(kn)
= 2(2π)−nkn
∫
M(q)×S1
|detRLx |dvMdvS1 + o(kn)
= 2(2π)−(n−1)kn
∫
M(q)
|detRLx |dvM + o(kn).
(1.49)
From (1.49) and (1.48), we get the conclusion of the Corollary 1.27. 
For λ ≥ 0 and λ ∈ R, we define
(1.50) Hqb,≤kδ,λ(X,Lk) :=
{
u ∈ Ω0,q≤kδ(X,Lk) : (q)b,ku = λu
}
and
Hqb,≤kδ,≤kσ(X,Lk) :=
⊕
λ≤kσ
Hqb,≤kδ,λ(X,Lk).(1.51)
Set Πq≤kδ,≤kσ(x) =
∑dk
j=1 |gj(x)|2, where {gj(x)}dkj=1 ⊂ Ω0,q≤kδ(X,Lk) is any orthonormal
basis of the space Hqb,≤kδ,≤kσ(X,Lk). Our second main technique result is the following
Theorem 1.28. For any sequence vk > 0 with vk → 0 as k →∞, there exists a constant C ′0
independent of k, such that
(1.52) k−nΠq≤kδ,≤kvk(x) ≤ C
′
0
for all x ∈ X. Moreover, there is a sequence µk > 0, µk → 0 as k → ∞, such that for any
sequence vk > 0 with lim
k→∞
µk
vk
= 0, we have
(1.53) lim
k→∞
k−nΠq≤kδ,≤kvk(x) = (2π)
−n
∫
Rx,q
⋂
[−δ,δ]
|det(RLx + 2sLx)|ds
for all x ∈ Xreg .
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Integrating (1.53), we have
Theorem 1.29. There is a sequence µk > 0, µk → 0 as k → ∞, such that for any sequence
vk > 0 with lim
k→∞
µk
vk
= 0, we have
(1.54)
dimHqb,≤kδ,≤kvk(X,Lk) = (2π)−nkn
∫
X
∫
Rx,q
⋂
[−δ,δ]
|det(RLx + 2sLx)|dsdvX + o(kn).
Proof of Theorem 1.9. Set Hqb,≤kδ,0<λ≤kσ(X,Lk) :=
⊕
0<λ≤kσ
Hqb,≤kδ,λ(X,Lk). We define a
map
P : Hqb,≤kδ,0<λ≤kvk(X,L
k)→Hq−1b,≤kδ,0<λ≤kvk(X,L
k)⊕Hq+1b,≤kδ,0<λ≤kvk(X,L
k)
u 7→ (∂∗bu, ∂bu).
(1.55)
Since map P is injective, it follows that
(1.56)
dimHqb,≤kδ,0<λ≤kvk(X,L
k) ≤ dimHq−1b,≤kδ,0<λ≤kvk(X,L
k) + dimHq+1b,≤kδ,0<λ≤kvk(X,L
k).
From Theorem 1.29, we have
(1.57) dimHq−1b,≤kδ,0<λ≤kvk(X,L
k) = o(kn),dimHq+1b,≤kδ,0<λ≤kvk(X,L
k) = o(kn).
Since dimHqb,≤kδ,≤kvk(X,Lk) = dimH
q
b,≤kδ,0<λ≤kvk(X,L
k) + dimHqb,≤kδ(X,Lk), combining
Theorem 1.29 and (1.57), we get the conclusion of the Theorem 1.9. 
From Theorem 1.29 and the linear algebraic argument from Demailly in [8], [9] and
[19], we obtain Theorem 1.5. From Theorem 1.5, we can repeat the proof of Corol-
lary 1.27 and deduce
Corollary 1.30 (Demailly’s strong Morse inequalities). Let M be a compact Hermitian
manifold with dimCM = n − 1 and (L, hL) be a Hermitian line bundle on M . Then for any
0 ≤ q ≤ n− 1, we have
(1.58)
q∑
j=0
(−1)q−j dimHj
∂
(M,Lk) ≤ kn−1(2π)−(n−1)
q∑
j=0
(−1)q−j
∫
M(j)
|detRLx |dvM + o(kn−1).
1.5. Canonical local coordinates. In this work, we need the following result due to
Baouendi-Rothschild-Treves, (see [2]).
Theorem 1.31. For x0 ∈ X, there exist local coordinates (x1, · · · , x2n−1) = (z, θ) =
(z1, · · · , zn−1, θ), zj = x2j−1 + ix2j , j = 1, · · · , n − 1, x2n−1 = θ, defined in some small
neighborhood D = {(z, θ) : |z| < r, |θ| < ε} centered at x0 such that on D
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
, j = 1, · · · , n− 1,
(1.59)
where {Zj(x)} form a basis of T 1,0x X for each x ∈ D, and ϕ(z) ∈ C∞(D,R) is independent
of θ.
The local coordinates defined in Theorem 1.31 are called canonical local coordinates.
By using canonical local coordinates, we get another way to define Tu,∀u ∈ Ω0,q(X). Let
(z, θ) be the canonical coordinates defined on D ⊂⊂ X. It is clearly that
{dzj1 ∧ · · · ∧ dzjq , 1 ≤ j1 < · · · < jq ≤ n− 1}
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is a basis for T ∗0,qx X, ∀ x ∈ D. Let u ∈ Ω0,q(X). On D, we write
u =
∑
j1<···<jq
uj1···jqdzj1 ∧ · · · ∧ dzjq .
Then on D we can check that
(1.60) Tu =
∑
j1<···<jq
(Tuj1···jq)dzj1 ∧ · · · ∧ dzjq .
Remark 1.32. Since the Hermitian metric 〈·|·〉 on CTX is rigid, we can find orthonormal
frame {ej}n−1j=1 of T ∗0,1X on D such that ej(x) = ej(z),∀x = (z, θ) ∈ D, j = 1, · · · , n − 1.
Moreover, if we denote by dvX the volume form with respect to the rigid Hermitian metric on
CTX, then on D,
(1.61) dvX = m(z)dv(z)dθ,
where m(z) ∈ C∞(D,R) which does not depend on θ and dv(z) = 2n−1dx1 · · · dx2n−2.
With respect to the orthonormal frame defined in Remark 1.32, write
(1.62) u =
∑′
|J |=q uJe
J , J = (j1, . . . , jq), e
J = ej1 ∧ · · · ∧ ejq ,
where the prime means the multi index in the summation is strictly increasing. Then from
(1.13) and Remark 1.32, we can check that
(1.63) Tu =
∑′
|J |=q(TuJ)e
J .
Proof of Lemma 1.22. Fix p ∈ X and let (z, θ) be canonical coordinates defined in some
neighbourhood of p such that (z(p), θ(p)) = (0, 0) and (1.59) hold. Suppose that (z, θ)
defined on {z ∈ Cn−1 : |z| < δ}×{θ ∈ R : |θ| < δ}, for some δ > 0. For z ∈ Cn−1, |z| < δ,
θ ∈ R, we identify (z, θ) with eiθ ◦ (z, 0) ∈ X. Thus, we may assume that θ is defined on
R. Put
A :={λ ∈ [0, 2π] : There is a local trivializing section s defined on{
z ∈ Cn−1 : |z| < ε}× [0, λ + ε), for some 0 < ε < δ}.
It is clearly that A is a non-empty open set in [0, 2π]. We claim that A is closed. Let λ0 be
a limit point of A. Consider the point (0, λ0). For some ε1 > 0, ε1 small, there is a local
trivializing section s1 defined on
{
z ∈ Cn−1 : |z| < ε1
}×(λ0−ε1, λ0+ε1]. Since λ0 is a limit
point of A, we can find a local trivializing section s˜ defined on
{
z ∈ Cn−1 : |z| < ε2
} ×
[0, λ0 − ε12 ), for some ε2 > 0. Now, s˜ = gs1 on{
z ∈ Cn−1 : |z| < ε0
}× (λ0 − ε1, λ0 − ε1
2
)
for some rigid CR function g, where ε0 = min {ε1, ε2}. Since g is independent of θ, g is
well-defined on
{
z ∈ Cn−1 : |z| < ε0
}×R. Put s = s˜ on {z ∈ Cn−1 : |z| < ε0}×[0, λ0− ε12 )
and s = gs1 on
{
z ∈ Cn−1 : |z| < ε0
} × [λ0 − ε12 , λ0 + ε1). It is straightforward to check
that s is well-defined as a local trivializing section on
{
z ∈ Cn−1 : |z| < ε0
}× [0, λ0 + ε1).
Thus, λ0 ∈ A and hence A = [0, 2π].
From the discussion above, we see that we can find local trivializations W1, . . . ,WN
such that X =
⋃N
j=1Wj and
⋃
0≤θ≤2π e
iθWt ⊂ Wt, t = 1, . . . , N . Take any Hermitian fiber
metric h˜L on L and let Φ˜ denotes the corresponding local weight. Let hL be the Hermitian
fiber metric on L locally given by |s|2hL = e−Φ, where Φ(x) = 12π
∫ 2π
0 Φ˜(e
iθx)dθ. It is
obviously that hL is well-defined and TΦ = 0. Moreover, it is easy to see that R˜L = RL,
where R˜L and RL denote the curvatures of L induced by h˜L and hL respectively. The
lemma follows. 
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2. THE ESTIMATES OF THE PARTIAL SZEGO˝ KERNEL FUNCTION Πq≤kδ
We first introduce some notations. For x ∈ X, we can choose an orthonormal frame
{ej}n−1j=1 of T ∗0,1X defined in section 1.5 over a neighborhood D of x. For J = (j1, · · · , jq)
with j1 < · · · < jq, we define eJ = ej1 ∧ · · · ∧ ejq . Then {eJ : |J | = q, J strictly increasing}
is an orthonormal frame for T ∗0,qX over D. For any f ∈ Ω0,q(X,Lk), on D, we may write
(2.1) f =
∑′
|J |=q fJe
J , with fJ = 〈f |eJ〉 ∈ C∞(D,Lk).
The extramal function Sq≤kδ,J(y) for y ∈ D along the direction eJ is defined by
(2.2) Sq≤kδ,J(y) := sup
α∈Hq
b,≤kδ(X,L
k),‖α‖
hL
k=1
|αJ (y)|2hLk .
We can repeat the proof of Lemma 2.1 in [16] and conclude that
Lemma 2.1. For every local orthonormal frame {eJ : |J | = q, strict increasing} of T ∗0,qX
over an open set D we have for y ∈ D,
(2.3) Πq≤kδ(y) =
∑′
|J |=q S
q
≤kδ,J(y).
2.1. The scaling technique. Fix p ∈ X. Let U1, · · · , Un−1 be the dual frame of e1, · · · , en−1
and for which the Levi-form is diagonal at p. Furthermore, let s be a rigid CR frame
of L on an open neighborhood of p and |s|2
hL
= e−Φ. We take canonical local coor-
dinates (z, θ), zj = x2j−1 + ix2j , j = 1, · · · , n − 1 defined in Theorem 1.31 such that
ω0(p) = −dθ, (z(p), θ(p)) = 0,
(2.4)
〈
∂
∂xj
(p)
∣∣∣ ∂
∂xt
(p)
〉
= 2δjt,
〈
∂
∂xj
(p)
∣∣∣ ∂
∂θ
(p)
〉
= 0,
〈
∂
∂θ
(p)
∣∣∣ ∂
∂θ
(p)
〉
= 1
for j, t = 1, . . . , 2n − 2, and with respect to the canonical coordinates (z, θ),
(2.5) Uj =
∂
∂zj
+ iλjzj
∂
∂θ
+O(|(z, θ)|2), j = 1, . . . , n− 1,
where {λj}n−1j=1 are the eigenvalues of Levi-form at p with respect to the given rigid Her-
mitian metric and ∂∂zj =
1
2(
∂
∂x2j−1 − i ∂∂x2j ), j = 1, . . . , n − 1. Moreover, by changing the
local rigid CR frame of L we assume the local weight
(2.6) Φ =
n−1∑
j,t=1
µj,tzjzt +O(|z|3).
In this section, we work with canonical local coordinates (z, θ) defined on an open neigh-
bourhood D of p and we identify D with some open set in R2n−1. Let (·|·)kΦ be the
weighted inner product on the space Ω0,q0 (D) defined as follows:
(2.7) (f |g)kΦ =
∫
D
〈f |g〉e−kΦ(z)dvX(x)
where f, g ∈ Ω0,q0 (D). We denote by L2(0,q)(D, kΦ) the completion of Ω0,q0 (D) with respect
to (·|·)kΦ. For r > 0, letDr = {(z, θ) ∈ R2n−1 : |z| < r, |θ| < r}. Here {z = (z1, . . . , zn−1) ∈
C
n−1 : |z| < r} means that {z ∈ Cn−1 : |zj | < r, j = 1, · · · , n − 1}. Let Fk be the
scaling map Fk(z, θ) = (
z√
k
, θk ). From now on, we assume k is sufficiently large such that
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Fk(Dlog k) ⋐ D. We define the scaled bundle F
∗
kT
∗0,qX on Dlog k to be the bundle whose
fiber at (z, θ) ∈ Dlog k is
(2.8)
F ∗kT
∗0,qX|(z,θ) =
{∑′
|J |=q aJe
J
(
z√
k
,
θ
k
)
: aJ ∈ C, |J | = q, J strictly increasing
}
.
We take the Hermitian metric 〈·|·〉F ∗k on F ∗kT ∗0,qX so that at each point (z, θ) ∈ Dlog k,
(2.9)
{
eJ
(
z√
k
,
θ
k
)
: |J | = q, J strictly increasing
}
is an orthonormal frame for F ∗kT
∗0,qX on Dlog k. Let F ∗kΩ
0,q(Dr) denote the space of
smooth sections of F ∗kT
∗0,qX over Dr and let F ∗kΩ
0,q
0 (Dr) be the subspace of F
∗
kΩ
0,q(Dr)
whose elements have compact support in Dr. Given f ∈ Ω0,q(Dr). We write f =∑′
|J |=q fJe
J . We define the scaled form F ∗k f ∈ F ∗kΩ0,q(Dlog k) by
(2.10) F ∗k f =
∑′
|J |=q fJ
(
z√
k
,
θ
k
)
eJ
(
z√
k
,
θ
k
)
.
For brevity, we denote F ∗k f by f(
z√
k
, θk ). Let P be a partial differential operator of order
one on Fk(Dlog k) with C
∞ coefficients. We write P = a(z, θ) ∂∂θ +
2n−2∑
j=1
aj(z, θ)
∂
∂xj
. The
scaled partial differential operator P(k) on Dlog k is given by
(2.11) P(k) =
√
kF ∗k a
∂
∂θ
+
2n−2∑
j=1
F ∗k aj
∂
∂xj
.
Let f ∈ C∞(Fk(Dlog k)). We can check that
(2.12) P(k)(F
∗
k f) =
1√
k
F ∗k (Pf).
The scaled differential operator ∂b,(k) : F
∗
kΩ
0,q(Dlog k)→ F ∗kΩ0,q+1(Dlog k) is given by
(2.13) ∂b,(k) =
n−1∑
j=1
ej
(
z√
k
,
θ
k
)
∧ U j,(k) +
n−1∑
j=1
1√
k
(∂bej)
(
z√
k
,
θ
k
)
∧
(
ej
(
z√
k
,
θ
k
)
∧
)∗
,
where
(
ej
(
z√
k
, θk
)
∧
)∗
: F ∗k T
∗0,qX → F ∗kT ∗0,q−1X is the adjoint of ej
(
z√
k
, θk
)
∧ with
respect to the 〈·∣∣·〉F ∗k , j = 1, . . . , n− 1. That is,〈
ej
(
z√
k
,
θ
k
)
∧ u
∣∣∣v〉
F ∗
k
=
〈
u
∣∣∣ (ej ( z√
k
,
θ
k
)
∧
)∗
v
〉
F ∗
k
for all u ∈ F ∗kT ∗0,q−1X, v ∈ F ∗kT ∗0,qX. From (2.13), ∂b,(k) satisfies that
(2.14) ∂b,(k)F
∗
k f =
1√
k
F ∗k (∂bf).
Let (·|·)kF ∗kΦ be the inner product on the space F ∗kΩ
0,q
0 (Dlog k) defined as follows:
(2.15) (f |g)kF ∗
k
Φ =
∫
Dlog k
〈f |g〉F ∗
k
e−kF
∗
kΦ(F ∗km)dv(z)dθ.
Let
∂
∗
b,(k) : F
∗
kΩ
0,q+1(Dlog k)→ F ∗kΩ0,q(Dlog k)
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be the formal adjoint of ∂b,(k) with respect to (·|·)kF ∗kΦ. Then we also have
(2.16) ∂
∗
b,(k)F
∗
k f =
1√
k
F ∗k (∂bf).
We define now the scaled complex Laplacian 
(q)
b,(k) : F
∗
kΩ
0,q(Dlog k) → F ∗kΩ0,q(Dlog k)
which is given by
(2.17) 
(q)
b,(k)
= ∂
∗
b,(k)∂b,(k) + ∂b,(k)∂
∗
b,(k).
Then (2.14) and (2.16) imply that
(2.18) 
(q)
b,(k)F
∗
k f =
1
k
F ∗k (
(q)
b,kf).
Similarly, as Proposition 2.3 in [12], Proposition 2.3 in [16], we have
Proposition 2.2.

(q)
b,(k) =
n−1∑
j=1
[(
− ∂
∂zj
− iλjzj ∂
∂θ
+
n−1∑
t=1
µt,jzt
)(
∂
∂zj
− iλjzj ∂
∂θ
)]
+
n−1∑
j,t=1
ej
(
z√
k
,
θ
k
)
∧
(
et
(
z√
k
,
θ
k
)
∧
)∗(
µj,t − 2iλjδj,t ∂
∂θ
)
+ εkPk
(2.19)
onDlog k, where εk is a sequence tending to zero with k →∞, Pk is a second order differential
operator and all the derivatives of the coefficients of Pk are uniformly bounded in k on Dlog k.
Let U ⊂ Dlog k be an open set and let W skF ∗
k
Φ(U,F
∗
k T
∗0,qX), s ∈ N0 := N ∪ {0} denote
the sobolev space of order s of sections of F ∗kT
∗0,qX over U with respect to the weight
kF ∗kΦ. The sobolev norm on this space is given by
(2.20) ‖u‖2kF ∗
k
Φ,s,U :=
∑
α∈N2n−10 ,|α|≤s
∑′
|J |=q
∫
U
|∂αx,θuJ |2e−kF
∗
kΦ(F ∗km)dv(z)dθ
where u =
∑′
|J |=q uJe
J
(
z√
k
, θk
)
∈W skF ∗
k
Φ(U,F
∗
k T
∗0,qX).
Proposition 2.3. For every r > 0 with D2r ⋐ Dlog k, there exists a constant Cr,s > 0
independent of k and the point p such that for all u ∈ F ∗kΩ0,q(Dlog k), we have
(2.21)
‖u‖2kF ∗
k
Φ,s+1,Dr ≤ Cr,s
‖u‖2kF ∗
k
Φ,D2r + ‖
(q)
b,(k)u‖2kF ∗kΦ,s,D2r +
∥∥∥∥∥
(
∂
∂θ
)s+1
u
∥∥∥∥∥
2
kF ∗
k
Φ,D2r
 .
Proof. We can repeat the procedure of Kohn’s L2 estimate with minor change (see Theorem
8.4.2 in [7]) and conclude that
(2.22)
‖u‖2kF ∗
k
Φ,s+1,Dr ≤ Cr,s,k
‖u‖2kF ∗
k
Φ,D2r + ‖
(q)
b,(k)u‖2kF ∗kΦ,s,D2r +
∥∥∥∥∥
(
∂
∂θ
)s+1
u
∥∥∥∥∥
2
kF ∗kΦ,D2r
 ,
for every u ∈ F ∗kΩ0,q(Dlog k). Since all the derivatives of the coefficients of the operator

(q)
b,(k) are uniformly bounded in k, it is straightforward to see that Cr, s,k can be taken to
be independent of k and the point p. 
Theorem 2.4. There is a constant C0 > 0 such that for all k and all x ∈ X, we have
(2.23) k−nΠq≤kδ(x) ≤ C0.
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Proof. For any x ∈ X, we choose canonical local coordinates (z, θ) defined in Theo-
rem 1.31 in a neighborhood D centered at x. Let s be a local rigid CR frame of L over D.
For uk ∈ Hqb,≤kδ(X,Lk), ‖uk‖hLk = 1, uk = u˜k ⊗ sk on D. Set u˜(k) := k−
n
2 F ∗k (u˜k) on Dlog k.
Write
(2.24) uk =
∑
|m|≤kδ,m∈Z
uk,m, Tuk,m = imuk,m
which implies that
(2.25) u˜k =
∑
|m|≤kδ,m∈Z
u˜k,m, T u˜k,m = imu˜k,m.
Then the scaling of u˜k given by
(2.26) u˜(k) = k
−n
2
∑
|m|≤kδ,m∈Z
F ∗k (u˜k,m)
satisfies
(2.27) ‖u˜(k)‖2kF ∗kΦ,Dlog k = ‖u˜k‖
2
kΦ,Fk(Dlog k)
≤ ‖uk‖2hLk = 1.
From (2.18) we have
(2.28) 
(q)
b,(k)u˜(k) = 0 on Dlog k.
By Proposition 2.3 and combining (2.27), (2.28) we have
(2.29) ‖u˜(k)‖2kF ∗
k
Φ,s+1,Dr ≤ Cr,s(1 + ‖(
∂
∂θ
)s+1u˜(k)‖2kF ∗
k
Φ,D2r)
for any r > 0 with D2r ⋐ Dlog k. Since
∂
∂θ
u˜(k) = k
−n
2
∂
∂θ
∑
|m|≤kδ,m∈Z
F ∗k (u˜k,m) = k
−n
2
∑
|m|≤kδ,m∈Z
(
im
k
)
u˜k,m
(
z√
k
,
θ
k
)
,(2.30)
then
(2.31)
(
∂
∂θ
)s+1
u˜(k) = k
−n
2
∑
|m|≤kδ,m∈Z
(
im
k
)s+1
u˜k,m
(
z√
k
,
θ
k
)
.
Thus, ∥∥∥∥∥
(
∂
∂θ
)s+1
u˜(k)
∥∥∥∥∥
2
kF ∗kΦ,Dr
≤ δs+1(kδ)
∑
|m|≤kδ,m∈Z
∥∥∥∥k−n2 u˜k,m( z√k , θk
)∥∥∥∥2
kF ∗
k
Φ,D2r
.(2.32)
From (2.25), there is a function ˆ˜uk,m(z) ∈ C∞ such that
(2.33) u˜k,m(z, θ) = ˆ˜uk,m(z)e
imθ on D.
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Since
k
∑
|m|≤kδ,m∈Z
∥∥∥∥k−n2 u˜k,m( z√k , θk
)∥∥∥∥2
kF ∗
k
Φ,D2r
≤
∑
|m|≤kδ
∫
D2r
k−(n−1)
∣∣∣∣ˆ˜uk,m( z√k
)∣∣∣∣2 e−kΦ( z√k )m( z√k
)
dv(z)dθ
≤
∑
|m|≤kδ
(4r)
∫
|z|≤ 2r√
k
|ˆ˜uk,m(z)|2e−kΦ(z)m(z)dv(z)
≤ 4r
ε
∑
|m|≤kδ
∫
|z|≤ 2r√
k
∫
|θ|<ε
|u˜k,m(z, θ)|2e−kΦ(z)m(z)dv(z)dθ
≤ 4r
ε
∑
|m|≤kδ
‖uk,m‖2hLk ≤
4r
ε
‖uk‖2hLk ≤
4r
ε
,
(2.34)
where ε > 0 is a small constant. From (2.34) and (2.32), we deduce that∥∥∥∥∥
(
∂
∂θ
)s+1
u˜(k)
∥∥∥∥∥
2
kF ∗
k
Φ,Dr
≤ C˜r,s,
where C˜r,s is a constant independent of k. Combining this with (2.29), there exists a
constant C ′r,s > 0 independent of k such that
(2.35) ‖u˜(k)‖2kF ∗kΦ,s+1,Dr ≤ C
′
r,s.
From (2.35) and Sobolev embedding theorem, there exists a constant C(x) > 0 such that
for all k, we have k−n|uk(x)|2
hLk
= |u˜(k)(0)|2 ≤ C(x). Since X is compact, we infer that
C ′ = sup{k−n|uk(x)|2
hLk
: k > 0, x ∈ X} < ∞. Thus, for a local orthonormal frame
{eJ : |J | = q, J strictly increasing} we have that sup{k−nSq≤kδ,J(x) : x ∈ X, k > 0} ≤ C0.
From Lemma 2.1, we get the conclusion of Theorem 2.4. 
2.2. The Heisenberg guoup Hn. We identify R
2n−1 with the Heisenberg gruop Hn :=
C
n−1 × R. We also write (z, θ) to denote the coordinates of Hn, z = (z1, · · · , zn−1), θ ∈ R,
zj = x2j−1 + ix2j , j = 1, · · · , n− 1. Then
(2.36)
{
Uj,Hn =
∂
∂zj
+ iλjzj
∂
∂θ
; j = 1, · · · , n− 1
}
and {
Uj,Hn , Uj,Hn , T =
∂
∂θ
; j = 1, · · · , n− 1
}
are local frames for the bundles of T 1,0Hn and CTHn. Then
(2.37)
dzj , dzj , ω0 = −dθ +
n−1∑
j=1
(iλjzjdzj − iλjzjdzj) : j = 1, · · · , n− 1

is the basis of CT ∗Hn which are dual to {Uj,Hn , Uj,Hn ,−T}. Let 〈 · | · 〉 be the Hermitian
metric defined on T ∗0,qHn such that {dzJ : |J | = q;J strictly increasing} is an orthonormal
frame of T ∗0,qHn. Let
(2.38) ∂b,Hn =
n−1∑
j=1
dzj ∧ Uj,Hn : Ω0,q(Hn)→ Ω0,q+1(Hn)
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be the Cauchy-Riemann operator defined on Hn. Put Φ0(z) =
n−1∑
j,t=1
µj,tzjzt ∈ C∞(Hn,R).
Let (·|·)Φ0 be the inner product on Ω0,q0 (Hn) with respect to the weight function Φ0(z)
defined as follows:
(2.39) (f |g)Φ0 =
∫
Hn
〈f |g〉e−Φ0(z)dv(z)dθ
where dv(z) = 2n−1dx1 · · · dx2n−2. We denote by ‖ · ‖Φ0 the norm on Ω0,q0 (Hn,Φ0) induced
by the inner product (·|·)Φ0 . Let us denote by L2(0,q)(Hn,Φ0) the completion of Ω0,q0 (Hn)
with respect to the norm ‖ · ‖Φ0 . Let ∂∗,Φ0b,Hn : Ω0,q+1(Hn)→ Ω0,q(Hn) be the formal adjoint
of ∂b,Hn respect to (·|·)Φ0 . The Kohn Laplacian on Hn is given by
(2.40) 
(q)
b,Hn
= ∂b,Hn∂
∗,Φ0
b,Hn + ∂
∗,Φ0
b,Hn∂b,Hn : Ω
0,q(Hn)→ Ω0,q(Hn).
We pause and introduce some notations. Choose χ(θ) ∈ C∞0 (R) so that χ(θ) = 1 when
|θ| < 1 and χ(θ) = 0 when |θ| > 2 and set χj(θ) = χ(θj ), j ∈ N. For any u(z, θ) ∈ Ω0,q(Hn)
with ‖u‖Φ0 <∞. Let
(2.41) uˆj(z, η) =
∫
R
u(z, θ)χj(θ)e
−iθηdθ ∈ Ω0,q(Hn), j = 1, 2, . . . .
From Parseval’s formula, {uˆj(z, η)} is a cauchy sequence in L2(0,q)(Hn,Φ0). Thus there is
uˆ(z, η) ∈ L2(0,q)(Hn,Φ0) such that uˆj(z, η) → uˆ(z, η) in L2(0,q)(Hn,Φ0). We call uˆ(z, η) the
partial Fourier transform of u(z, θ) with respect to θ. From Parseval’s formula, we can
check that ∫
Hn
|uˆ(z, η)|2 e−Φ0(z)dv(z)dη = 2π
∫
Hn
|u(z, θ)|2 e−Φ0(z)dv(z)dθ.(2.42)
Let s ∈ L2(0,q)(Hn,Φ0). Assume that
∫ |s(z, η)|2 dη < ∞ and ∫ |s(z, η)| dη < ∞ for all
z ∈ Cn−1. Then, from Parseval’s formula, we can check that∫∫
〈 uˆ(z, η) | s(z, η) 〉e−Φ0 (z)dηdv(z)
=
∫∫
〈u(z, θ) |
∫
eiθηs(z, η)dη 〉e−Φ0(z)dθdv(z).
(2.43)
2.3. Proof of Theorem 1.26. Now we can prove the second part of Theorem 1.26.
Theorem 2.5.
(2.44) lim sup
k→∞
k−nΠq≤kδ(x) ≤ (2π)−n
∫
Rx,q
⋂
[−δ,δ]
|det(RLx + 2sLx)|ds
for all x ∈ X.
Proof. Fix x ∈ X and let s be a rigid CR frame of L on an open neighborhood D of x and
|s|2
hL
= e−Φ. We take canonical local coordinates (z, θ), zj = x2j−1 + ix2j , j = 1, · · · , n− 1
defined in Theorem 1.31 such that ω0(x) = −dθ, (z(x), θ(x)) = 0, and (2.4), (2.5), (2.6)
hold . Until further notice, we work with canonical coordinates (z, θ) defined on an open
neighbourhood D of x and we identify D with some open set in R2n−1. We will use the
same notations as in section 2.1. Fix |J | = q, J is strictly increasing. First, from definition
of extremal function, there exists a sequence αkj ∈ Hqb,≤kjδ(X,Lkj ), 0 < k1 < k2 < · · · ,
such that ‖αkj‖2
hL
kj
= 1 and
(2.45) lim
j→∞
k−nj |αkj ,J(x)|2
hL
kj
= lim sup
k→∞
k−nSq≤kδ,J(x)
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where αkj ,J is the component of αkj along the direction e
J . Put αkj = α˜kj ⊗ skj , α˜kj ∈
Ω0,q(D). We will always use αkj to denote α˜kj if there is no misunderstanding, then
(2.46) α(kj) = k
−n
2
j F
∗
kj (αkj ) ∈ F ∗kjΩ0,q(Dlog kj).
It is easy to see that for every j,
(2.47) ‖α(kj )‖kjF ∗kjΦ,Dlog kj ≤ 1, 
(q)
b,(kj)
α(kj) = 0.
Moreover, we can repeat the procedure in the proof of Theorem 2.4 and obtain that for
every r > 0 and s ∈ N0 there is a Cr,s independent of kj such that
(2.48)
∥∥∥∥( ∂∂θ )s+1α(kj)
∥∥∥∥
kjF ∗kjΦ,Dr
≤ Cr,s, ∀j.
From (2.47), (2.48) and Proposition 2.3, we can repeat the same argument in Theorem
2.9 of [16] and conclude that there is a subsequence {α(ks1 ), α(ks2 ), . . .} of {α(kj )}, 0 <
ks1 < ks2 < · · · , such that α(kst ) converges uniformly with all derivatives on any compact
subset of Hn to a smooth form u =
∑′
|J |=q uJdz
J ∈ Ω0,q(Hn) as t→∞. Thus,
(2.49) lim sup
k→∞
k−nSq≤kδ,J(x) ≤ |uJ(0)|2 .
Moreover, (2.47) implies that u satisfies
(2.50) ‖u‖Φ0 ≤ 1, (q)b,Hnu = 0.
Then we will need
Lemma 2.6. With the notations above, uˆ(z, η) ≡ 0 in L2(0,q)(Hn,Φ0) when |η| > δ.
Proof. To prove uˆ(z, η) ≡ 0 when |η| > δ, we only need to show that for any ϕ(z, η) ∈
C∞0 (C
n−1 × {η ∈ R : |η| > δ}) and |J | = q, J is strictly increasing, we have
(2.51)
∫
Hn
uˆJ(z, η)ϕ(z, η)e
−Φ0(z)dv(z)dη = 0.
We assume that suppϕ ⋐ {z ∈ Cn−1 : |z| ≤ r0} × {η ∈ R : |η| > δ}. Here, {z ∈ Cn−1 :
|z| < r0} means that {z ∈ Cn−1 : |zj | < r0, j = 1, · · · , n−1}. Choose χ ∈ C∞0 (R) such that
χ ≡ 1 when |θ| ≤ 1 and suppχ ⋐ {θ ∈ R : |θ| < 2}. From (2.43), we have
1
2π
∫
Hn
uˆJ(z, η)ϕ(z, η)e
−Φ0 (z)dv(z)dη =
∫
Hn
uJ(z, θ)ϕˇ(z, θ)e
−Φ0(z)dv(z)dθ
= lim
r→∞
∫
Hn
uJ(z, θ)ϕˇ(z, θ)e
−Φ0(z)χ(
θ
r
)dv(z)dθ,
(2.52)
where ϕˇ(z, θ) := 12π
∫
R
eiθηϕ(z, η)dη is the inverse Fourier transform of ϕ(z, η) respect to
η. For simplicity, we may assume that α(kj) converges uniformly with all derivatives on
any compact subset of Hn to u as j → ∞. Note that αkj ∈ Ω0,q≤kjδ(X,Lk). For each j, on
D, we can write
αkj = s
kj ⊗
∑
m∈Z,|m|≤kjδ
α˜kj ,m, α˜kj ,m ∈ Ω0,q(D), ∀m ∈ Z, |m| ≤ kjδ,
and for each m ∈ Z, |m| ≤ kjδ, we can write
α˜kj ,m =
∑′
|J |=q
α˜kj ,m,J(z, θ)e
J (z),
α˜kj ,m,J = αˆkj ,m,J(z)e
imθ , αˆkj ,m,J(z) ∈ C∞(D), ∀ |J | = q, J is strictly increasing.
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When r is fixed, by dominated convergence theorem∫
Hn
uJ(z, θ)ϕˇ(z, θ)e
−Φ0(z)χ(
θ
r
)dv(z)dθ
= lim
j→∞
∑
|m|≤kjδ
∫
Hn
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
e
im
kj
θ
ϕˇ(z, θ)χ
(
θ
r
)
e−Φ0(z)dv(z)dθ
= lim
j→∞
∑
|m|≤kjδ
∫
|z|≤r0
∫
R
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
e
im
kj
θ
ϕˇ(z, θ)χ
(
θ
r
)
e−Φ0(z)dv(z)dθ.
(2.53)
Since suppϕ(z, η) ⋐ {z ∈ Cn−1 : |z| ≤ r0} × {θ ∈ R : |η| > δ} and |mkj | < δ, we have∑
|m|≤kjδ
∫
Hn
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
e
im
kj
θ
ϕˇ(z, θ)e−Φ0(z)dv(z)dθ
=
∑
|m|≤kjδ
∫
Hn
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
ϕ(z,−m
kj
)e−Φ0(z)dv(z) = 0.
(2.54)
By (2.54)
lim
j→∞
∑
|m|≤kjδ
∫
|z|≤r0
∫
R
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
e
im
kj
θ
ϕˇ(z, θ)χ
(
θ
r
)
e−Φ0(z)dv(z)dθ
= lim
j→∞
∑
|m|≤kjδ
∫
|z|≤r0
∫
R
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
e
im
kj
θ
ϕˇ(z, θ)
(
χ
(
θ
r
)
− 1
)
e−Φ0(z)dv(z)dθ.
(2.55)
Now, ∣∣∣∣∣∣
∑
|m|≤kjδ
∫
|z|≤r0
∫
R
k
−n
2
j αˆkj ,m,J
(
z√
kj
)
e
im
kj
θ
ϕˇ(z, θ)
(
χ
(
θ
r
)
− 1
)
e−Φ0(z)dv(z)dθ
∣∣∣∣∣∣
≤
∑
|m|≤kjδ
∫
|z|≤r0
∫
|θ|≥r
k
−n
2
j
∣∣∣∣∣αˆkj ,m,J
(
z√
kj
)∣∣∣∣∣ · |ϕˇ(z, θ)|e−Φ0(z)dv(z)dθ.
(2.56)
By Ho¨lder inequality, we have∫
|z|≤r0
∫
|θ|≥r
k
−n
2
j |αˆkj ,m,J
(
z√
kj
)
| · |ϕˇ(z, θ)|e−Φ0(z)dv(z)dθ
≤
(∫
|z|≤r0
∫
|θ|≥r
k−nj |αˆkj ,m,J
(
z√
kj
)
|2 · |ϕˇ(z, θ)|e−Φ0(z)dv(z)dθ
) 1
2
×
(∫
|z|≤r0
∫
|θ|≥r
|ϕˇ(z, θ)|e−Φ0(z)dv(z)dθ
) 1
2
.
(2.57)
Since suppϕ(z, η) ⋐ {z ∈ Cn−1 : |z| ≤ r0} × R, we have
(2.58) sup
|z|≤r0
|ϕˇ(z, θ)| ≤ Cr0
1
|θ|p ,∀ |θ| >> 1
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for some p > 3, p ∈ Z and constant Cr0 > 0. Combining (2.57) and (2.58),we have∫
|z|≤r0
∫
|θ|≥r
k
−n
2
j
∣∣∣∣∣αˆkj ,m,J
(
z√
kj
)∣∣∣∣∣ · |ϕˇ(z, θ)|e−Φ0(z)dv(z)dθ
≤ Cr0
1
rp−1
∫
|z|≤r0
k−nj
∣∣∣∣∣αˆkj ,m,J
(
z√
kj
)∣∣∣∣∣
2
e−Φ0(z)dv(z)

1
2
≤ C ′r0
1
rp−1
∫
|z|≤r0
k−nj
∣∣∣∣∣αˆkj ,m,J
(
z√
kj
)∣∣∣∣∣
2
e
−kjF ∗kjΦ(z)(F ∗kjm)dv(z)

1
2
≤ C ′r0
1
rp−1
∫
|z|≤ r0√
kj
1
kj
|αˆkj ,m,J(z)|2e−kjΦ(z)m(z)dv(z)

1
2
,
(2.59)
for r >> 1, where Cr0 > 0 and C
′
r0 > 0 are constants. Then from (2.59) and Cauchy-
Schwartz inequality,
∑
|m|≤kjδ
∫
|z|≤r0
∫
|θ|≥r
k
−n
2
j
∣∣∣∣∣αˆkj ,m,J
(
z√
kj
)∣∣∣∣∣ · |ϕˇ(z, θ)|e−Φ0(z)dv(z)dθ
≤ C ′r0
1
rp−1
√
δ
 ∑
|m|≤kjδ
∫
|z|≤ r0√
kj
|αˆkj ,m,J(z)|2e−kjΦ(z)m(z)dv(z)

1
2
≤ C ′r0
1
rp−1
√
δ√
2ε
 ∑
|m|≤kjδ
∫
|z|≤ r0√
kj
,|θ|≤ε
|α˜kj ,m,J(z, θ)|2e−kjΦ(z)m(z)dv(z)dθ

1
2
≤ C ′r0
1
rp−1
√
δ√
2ε
 ∑
|m|≤kjδ
‖αkj ,m‖2
hL
kj

1
2
≤ C ′r0
1
rp−1
√
δ√
2ε
‖αkj‖2
hL
kj
≤ C ′r0
1
rp−1
√
δ√
2ε
.
(2.60)
From (2.53), (2.55), (2.56) and (2.60), we get∣∣∣∣∫
Hn
uJ(z, θ)ϕˇ(z, θ)e
−Φ0(z)χ(
θ
r
)dv(z)dθ
∣∣∣∣ ≤ C ′r0 1rp−1
√
δ√
2ε
.(2.61)
Letting r →∞, we get the conclusion of Lemma 2.6. 
We pause and introduce some notations. For fixed η ∈ R, put Φη(z) = −2η
n−1∑
j=1
λj|zj |2+
n−1∑
j,t=1
µj,tzjzt. We take the Hermitian metric 〈 · | · 〉 on the bundle T ∗0,qCn−1 of (0, q) forms
on Cn−1 so that {dzJ ; |J | = q, J strictly increasing} is an orthonormal frame. We also let
Ω0,q(Cn−1) denote the space of smooth sections of T ∗0,qCn−1 over Cn−1 and let Ω0,q0 (C
n−1)
be the subspace of Ω0,q(Cn−1) whose elements have compact support in Cn−1. Let ( · | · )Φη
be the inner product on Ω0,q0 (C
n−1) defined by
( f | g )Φη =
∫
Cn−1
〈 f | g 〉e−Φη(z)dv(z) , f, g ∈ Ω0,q0 (Cn−1) ,
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where dv(z) = 2n−1dx1dx2 · · · dx2n−2, and let ‖·‖Φη denote the corresponding norm. Let
us denote by L2(0,q)(C
n−1,Φη) the completion of Ω
0,q
0 (C
n−1)with respect to the norm ‖·‖Φη .
Let

(q)
Φη
= ∂
∗,Φη
∂ + ∂ ∂
∗,Φη
: Ω0,q(Cn−1)→ Ω0,q(Cn−1)
be the complex Laplacian with respect to ( · | · )Φη , where ∂∗,Φη is the formal adjoint of ∂
with respect to ( · | · )Φη . Let B(q)Φη : L2(0,q)(Cn−1,Φη) → Ker
(q)
Φη
be the Bergman projection
and B
(q)
Φη
(z, w) be the distribution kernel of B
(q)
Φη
with respect to ( · | · )Φη (see section 3.2 in
[16]). LetMΦη : T
1,0
z C
n−1 → T 1,0z Cn−1, z ∈ Cn−1 be the linear map defined by
〈MΦηU |V 〉 = ∂∂Φη(U, V ), U, V ∈ T 1,0z Cn−1.
Put
Rq = {η ∈ R : MΦη has exactly q negative eigenvalues and n− 1− q positive eigenvalues}.
The following lemma is well known(see Berman [3], Hsiao and Marinescu [16], Ma and
Marinescu [18] ).
Lemma 2.7. If η 6∈ Rq, then B(q)Φη (z, z) = 0 for all z ∈ Cn−1. If η ∈ Rq, then
(2.62)
∑′
|J |=q〈B
(q)
Φη
(z, z)dzJ |dzJ〉 = eΦη(z)(2π)−n+1|detMΦη | · 1Rq (η)
The following is also well-known.
Lemma 2.8 (See Theorem 3.1 and Lemma 3.5 in [16]). For almost all η ∈ R, uˆ(z, η) ∈
Ω0,q(Cn−1),
∫
Cn−1 |uˆ(z, η)|2 e−Φ0(z)dv(z) <∞ and
|uˆJ(z, η)|2 ≤ exp (η
n−1∑
j=1
λj|zj |2)〈B(q)Φη (z, z)dzJ |dzJ〉
∫
Cn−1
|uˆ(w, η)|2e−Φ0(w)dv(w),
for every strictly increasing index J , |J | = q.
Now, we can prove
Proposition 2.9. For every |J | = q, J is strictly increasing, we have
uJ(0, 0) =
1
2π
∫
η∈R,|η|≤δ
uˆJ(0, η)dη.
Proof. Let χ ∈ C∞0 (R),
∫
R
χdθ = 1, χ > 0 and χε ∈ C∞0 (R), χε(θ) = 1εχ(θε ). Then, χε → δ0,
ε → 0+ in the sense of distributions. Let χˆε :=
∫
e−iθηχε(θ)dθ be the Fourier transform
of χε. We can check that |χˆε(η)| 6 1 for all η ∈ R, χˆε(η) = χˆ(εη) and limε→0 χˆε(η) =
limε→0 χˆ(εη) = χˆ(0) = 1. Let ϕ ∈ C∞0 (Cn−1) such that
∫
Cn−1ϕ(z)dv(z) = 1, ϕ > 0,
ϕ(z) = 0 if |z| > 1. Put gj(z) = j2n−2ϕ(jz)eΦ0(z), j = 1, 2, . . .. Then, for J is strictly
increasing, |J | = q, we have
(2.63) uJ(0, 0) = lim
j→∞
lim
ε→0+
∫
Hn
〈u(z, θ) |χε(θ)gj(z)dzJ 〉e−Φ0(z)dv(z)dθ.
From (2.43), we see that∫∫
〈u(z, θ) |χε(θ)gj(z)dzJ 〉e−Φ0(z)dv(z)dθ
=
1
2π
∫∫
〈uˆ(z, η) | χˆε(η)gj(z)dzJ 〉e−Φ0(z)dηdv(z).
(2.64)
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From Lemma 2.6, it is not difficult to check that for every j and every ε > 0,∫∫
〈uˆ(z, η) | χˆε(η)gj(z)dzJ 〉e−Φ0(z)dηdv(z)
=
∫∫
|η|≤δ
〈uˆ(z, η) | χˆε(η)gj(z)dzJ 〉e−Φ0(z)dηdv(z).
(2.65)
From Lemma 2.8, (2.65), we can apply Lebesque dominated convergence theorem and
conclude that
lim
ε→0+
∫∫
〈 uˆ(z, η) | χˆε(η)gj(z)dzJ 〉e−Φ0(z)dηdv(z)
=
∫∫
|η|≤δ
〈 uˆ(z, η) | gj(z)dzJ 〉e−Φ0(z)dηdv(z).
(2.66)
From (2.64) and (2.66), (2.63) becomes
(2.67) uJ(0, 0) = lim
j→∞
1
2π
∫∫
|η|≤δ
〈 uˆ(z, η) | gj(z)dzJ 〉e−Φ0(z)dηdv(z).
Put fj(η) =
1
2π
∫〈uˆ(z, η) | gj(z)dzJ 〉e−Φ0(z)dv(z). Since uˆ(z, η) ∈ Ω0,q(Cn−1) for almost all
η, we have limj→∞ fj(η) = 12π uˆJ(0, η) almost everywhere. Now, for almost every η ∈ R,
|fj(η)| = 1
2π
∣∣∣∣∣
∫
|z|6 1
j
〈 uˆ(z, η) | j2n−2ϕ(jz)dzJ 〉dv(z)
∣∣∣∣∣
6
1
2π
( ∫
|z|6 1
j
|uˆ(z, η)|2 e−Φ0(z)j2n−2dv(z)
) 1
2
( ∫
|z|6 1
j
|ϕ(jz)|2 eΦ0(z)j2n−2dv(z)
) 1
2
6 C1
( ∫
|z|61
∣∣∣∣uˆ(zj , η)
∣∣∣∣2 e−Φ0(z/j)dv(z)) 12
6 C2
( ∫
|z|61
e
2η
∑n−1
t=1 λt
∣
∣
∣
zt
j
∣
∣
∣
2 ∣∣∣∣TrB(q)Φη (zj , zj )
∣∣∣∣ dv(z)) 12
×
(∫
Cn−1
|uˆ(w, η)|2 e−Φ0(w)dv(w)
) 1
2
(here we used Lemma 2.8)
6 C3
( ∫
Cn−1
|uˆ(w, η)|2 e−Φ0(w)dv(w)
) 1
2
,
(2.68)
where C1, C2, C3 are positive constants. From this and the Lebesgue dominated conver-
gence theorem, we conclude that
uJ(0, 0) = lim
j→∞
∫
|η|≤δ
fj(η)dη =
∫
|η|≤q
lim
j→∞
fj(η)dη =
1
2π
∫
uˆJ(0, η)dη .

Now we turn to our situation. Fix |J | = q, J is strictly increasing. By Proposition 2.9,
Lemma 2.8 and notice that (see (2.42))∫
|η|≤δ
|uˆ(w, η)|2e−Φ0(w)dv(w)dη ≤
∫
|uˆ(w, η)|2e−Φ0(w)dv(w)dη ≤ 2π,
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we have
|uJ(0, 0)| = 1
2π
∣∣∣∣∣
∫
|η|≤δ
uˆJ(0, η)dη
∣∣∣∣∣
≤ 1
2π
∫
|η|≤δ
|uˆJ(0, η)|
(
∫
Cn−1 |uˆ(w, η)|2e−Φ0(w)dv(w))
1
2
(
∫
Cn−1 |uˆ(w, η)|2e−Φ0(w)dv(w))
1
2
dη
≤ 1
2π
(∫
|η|≤δ
|uˆJ(0, η)|2∫
Cn−1 |uˆ(w, η)|2e−Φ0(w)dv(w)
dη
) 1
2
×
(∫
|η|≤δ
|uˆ(w, η)|2e−Φ0(w)dv(w)dη
) 1
2
≤ 1√
2π
∫
|η|≤δ
〈B(q)Φη (0, 0)dzJ |dzJ〉
∫
Cn−1 |uˆ(w, η)|2e−Φ0(w)dv(w)∫
Cn−1 |uˆ(w, η)|2e−Φ0(w)dv(w)
dη

1
2
≤ 1√
2π
(∫
|η|≤δ
〈B(q)Φη (0, 0)dzJ |dzJ〉dη
) 1
2
.
(2.69)
Combining (2.49) and (2.69), we have
(2.70) lim sup
k→∞
k−nSq≤kδ,J(p) ≤
1
2π
∫
|η|≤δ
〈B(q)Φη (0, 0)dzJ |dzJ〉dη.
Then Lemma 2.1, Lemma 2.7 and (2.70) imply that
lim sup
k→∞
k−nΠq≤kδ(x) ≤
1
2π
∫
|η|≤δ
∑′
|J |=q〈B
(q)
Φη
(0, 0)dzJ |dzJ〉dη
≤ 1
(2π)n
∫
|η|≤δ
|detMΦη | · 1Rq (η)dη ≤
1
(2π)n
∫
Rq∩[−δ,δ]
|detMΦη |dη
≤ 1
(2π)n
∫
Rx,q∩[−δ,δ]
|det(RLp + 2sLp)|ds.
(2.71)
Thus we get the conclusion of Theorem 2.5. 
3. STRONG MORSE INEQUALITIES ON CR MANIFOLDS WITH S1 ACTION
In this section, we will establish the strong Morse inequalities on compact CR manifolds
with S1 action. Following the same argument as in Proposition 3.8, Proposition 3.9 in
[16] and by some minor change we have
Proposition 3.1. There exists u ∈ Ω0,q(Hn) such that
(3.1) 
(q)
b,Hn
u = 0, ‖u‖Φ0 = 1,
(3.2) |u(0, 0)|2 = (2π)−n
∫
Rq∩[−δ,δ]
|detMΦη |dη,
and
(3.3) uˆ(z, η) ≡ 0 when |η| > δ.
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Proof. Since some notations have been changed from Proposition 3.8 and 3.9 in [16],
we will outline the proof here for the convenient of readers. For any η ∈ R, we can
find a unitary matrix (aij(η))1≤i,j≤n−1 such that zi(η) =
∑n−1
i,j=1 aij(η)zj and Φη(z) =∑n−1
j=1 vj(η)|zj(η)|2, where vj(η), j = 1, · · · , n − 1 are the eigenvalues of MΦη . If η ∈ Rq,
we assume v1(η) < 0, · · · , vq(η) < 0, vq+1(η) > 0, · · · , vn−1(η) > 0. Put
(3.4) α(z, η) = C0|detMΦη |1Rq∩[−δ,δ](η) exp
 q∑
j=1
vj(η)|zj(η)|2
dz1(η) ∧ · · · dzq(η),
where C0 = (2π)
1−n
2
(∫
Rq∩[−δ,δ] |detMΦη |dη
)− 1
2
. Then 
(q)
Φη
α(z, η) = 0. Moreover, we
have
(3.5)∫
Cn−1
|α(z, η)|2e−Φη(z)dv(z) = 2π
(∫
Rq∩[−δ,δ]
|detMΦη |dη
)−1
|detMΦη | · 1Rq∩[−δ,δ](η).
Set
(3.6) u(z, θ) =
1
2π
∫
R
exp
(
iθη + η
n−1∑
j=1
λj|zj |2
)
α(z, η)dη ∈ Ω0,q(Hn).
Using Lemma 3.2 in [16], we can check that u(z, θ) satifies the properties in Proposition
3.1. 
We will use the same notation as in section 2.1. Fix x ∈ Xreg , choose canonical local
coordinates (z, θ) near x such that x ↔ 0, D = {(z, θ) ∈ Cn−1 × R : |z| < 1, |θ| < π}. It
should be noticed that since x ∈ Xreg , θ can be defined on |θ| < π. Choose two cut-off
functions χ ∈ C∞0 (Cn−1), τ ∈ C∞0 (R) in such that χ(z) ≡ 1 when |z| ≤ 12 , χ(z) = 0 when
|z| > 1 and τ(θ) ≡ 1, |θ| ≤ 12 ; τ(θ) ≡ 0, |θ| > 1. Let u be given as in Proposition 3.1.
Put χk(z) = χ(
z
log k ), τk(θ) = τ(
θ
log k ). Put uk = χk(
√
kz)τk(kθ)
∑′
|J |=q uJ(
√
kz, kθ)eJ(z) ∈
Ω0,q(X). Then suppuk ⋐ D log k√
k
. Write αk = k
n
2 uk(z, θ)⊗ sk ∈ Ω0,q(X,Lk). Then
‖αk‖2hLk = k
n
∫
X
e−kΦ(z)|uk(z, θ)|2dvX = kn
∫
X
e−kΦ(z)χ2k(
√
kz)τ2k (kθ)|u(
√
kz, kθ)|2dvX
= kn
∫
|z|≤ log k√
k
,|θ|≤ logk
k
e−kΦ(z)χ2k(
√
kz)τ2k (kθ)|u(
√
kz, kθ)|2m(z)dv(z)dθ
=
∫
Dlog k
e
−kΦ( z√
k
)
χ2k(z)τ
2
k (θ)|u(z, θ)|2m(
z√
k
)dv(z)dθ,
(3.7)
where m(z)dv(z)dθ = dvX on D. Then
(3.8) lim
k→∞
‖αk‖2hLk =
∫
Hn
e−Φ0(z)|u(z, θ)|2dv(z)dθ = 1.
Second,
(3.9) k−n|αk(0, 0)|2hLk = |u(0, 0)|
2 = (2π)−n
∫
Rx,q∩[−δ,δ]
|det(RLx + 2sLx)|ds.
Third, from 
(q)
b,Hn
u = 0, it is easy to see that there exists a sequence µk > 0, independent
of p and tending to zero such that
(3.10)
(
1
k

(q)
b,kαk
∣∣αk)
hLk
≤ µk.
26
Moreover, for every j ∈ N,
(3.11)
(
( 1k
(q)
b,k)
jαk
∣∣αk)
hLk
→ 0 as k →∞.
Theorem 3.2. Set βk = Fδ,kαk :=
∑
|m|≤kδ
αk,m, Tαk,m = (im)αk,m. Then we will have
(1)βk ∈ Ω0,q≤kδ(X,Lk), limk→∞ ‖βk‖
2
hLk
= 1,
(2) lim
k→∞
k−n|βk(x)|2hLk = (2π)
−n
∫
Rx,q∩[−δ,δ]
|det(RLx + 2sLx)|ds,
(3)
(
1
k

(q)
b,kβk|βk
)
hLk
≤ µk,
(4)
(
( 1k
(q)
b,k)
jβk
∣∣βk)
hLk
→ 0 as k →∞, ∀j ∈ N.
(3.12)
We postpone the proof of Theorem 3.2 until the end of this section.
Proposition 3.3. Let vk > 0 be any sequence with limk→∞ µkvk = 0. Then
(3.13) lim inf
k→∞
k−nΠq≤kδ,≤kvk(x) ≥ (2π)
−n
∫
Rx,q∩[−δ,δ]
|det(RLx + 2sLx)|ds, ∀x ∈ Xreg .
Proof. We will follow the argument of proposition 5.1 in [16] to prove this proposition.
Let Hqb,≤kδ,>kvk(X,Lk) denote the space spanned by the eigenforms of 
(q)
b,k restricting
to Ω0,q≤kδ(X,L
k) whose eigenvalues are > kvk. Fix x ∈ Xreg and let βk be defined as in
Theorem 3.2. βk = β
1
k + β
2
k, where β
1
k ∈ Hq≤kδ,≤kvk(X,Lk), β2k ∈ H
q
≤kδ,>kvk(X,L
k). Here
the closure of Hq≤kδ,>kvk(X,Lk) is under the Qb-norm defined in Proposition 5.1 [16].
Then
(3.14) ‖β2k‖2hLk = (β
2
k |β2k)hLk ≤
1
kvk
(
(q)
b,kβ
2
k|β2k)hLk ≤
1
kvk
(
(q)
b,kβk|βk)hLk ≤
µk
vk
→ 0.
Since lim
k→∞
‖βk‖hLk = 1, we get limk→∞ ‖β
1
k‖hLk = 1. Now, we claim that
(3.15) lim
k→∞
k−n|β2k(x)|2hLk = 0.
On D with canonical local coordinates (z, θ), x↔ 0 and Φ(0) = 0, we write β2k = k
n
2 α2k ⊗
sk, α2k ∈ Ω0,q(D). Then
(3.16) lim
k→∞
k−n|β2k(0)|2hLk = limk→∞ |α
2
k(0)|2.
By Proposition 2.3, we have
(3.17)
|F ∗kα2k(0)|2 ≤ Cn,r
(
‖F ∗kα2k‖2kF ∗
k
Φ,D2r + ‖
(q)
b,(k)F
∗
kα
2
k‖2kF ∗
k
Φ,n,D2r +
∥∥∥∥( ∂∂θ
)n
F ∗kα
2
k
∥∥∥∥
kF ∗kΦ,D2r
)
.
From the proof of Theorem 2.4, we see that
(3.18)
∥∥∥∥( ∂∂θ
)n
F ∗kα
2
k
∥∥∥∥
kF ∗
k
Φ,D2r
≤ C‖β2k‖2hLk
where C > 0 is a constant which does not depend on k. Moreover, from (4) in Theo-
rem 3.2,
(3.19)
‖(q)b,kF ∗kα2k‖2kF ∗k ,n,D2r ≤ C1
n+1∑
m=1
∥∥∥∥(1k(q)b,k
)m
β2k
∥∥∥∥2
hLk
≤ C1
n+1∑
m=1
∥∥∥∥(1k(q)b,k
)m
βk
∥∥∥∥2
hLk
→ 0,
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where C1 > 0 is a constant independent of k. Combining (3.14), (3.16), (3.17), (3.18)
and (3.19), we get that
(3.20) lim
k→∞
k−n|β2k(0)|2hLk = limk→∞ |α
2
k(0)|2 = 0.
Then
(3.21)
lim
k→∞
k−n|β1k(0)|2hLk = limk→∞ k
−n|βk(0)|2hLk = (2π)
−n
∫
Rx,q∩[−δ,δ]
|det(RLx + 2sLx)|ds.
Now,
(3.22) k−nΠq≤kδ,≤kvk(x) ≥ k
−n |β
1
k(x)|2hLk
‖β1k‖2hLk
→ (2π)−n
∫
Rx,q∩[−δ,δ]
|det(RLx + 2sLx)|ds.
The Proposition follows. 
From a simple modification of the proofs of Theorem 2.4 and Theorem 1.26, we get the
following proposition
Proposition 3.4. Let vk > 0 be any sequence with vk → 0, as k → ∞. Then there is a
constant C ′0 > 0 independent of k such that k
−nΠq≤kδ,≤kvk(x) ≤ C ′0, ∀x ∈ X, and
(3.23) lim sup
k→∞
k−nΠq≤kδ,≤kvk(x) ≤ (2π)
−n
∫
Rx,q∩[−δ,δ]
|det(RLx + 2sLx)|ds.
Combining Proposition 3.3 and Proposition 3.4, we get the conclusion of Theorem 1.28.
Proof of Theorem 3.2. Wewill use the same notations as in Theorem 3.2. Note that ‖βk‖2
hLk
=∑
|m|≤kδ
‖αk,m‖2
hLk
≤ ‖αk‖2
hLk
. On canonical local coordinates D = {(z, θ) : |zj | < r, |θ| <
π, j = 1, · · · , n− 1}, αk,m can be expressed as following:
αk,m(z, θ) =
1
2π
∫ π
−π
αk(z, t)e
−imtdteimθ =
1
2π
k
n
2
∫ π
−π
uk(z, t)e
−imtdteimθ ⊗ sk
=
1
2π
k
n
2
∑′
|J |=q
∫ π
−π
χk(
√
kz)τk(kt)uJ (
√
kz, kt)e−imtdteimθeJ (z)⊗ sk
=
1
4π2
k
n
2
∫ π
−π
∫
|η|≤δ
χk(
√
kz)uˆ(
√
kz, η)τk(kt)e
−i(m−kη)tdtdηeimθ ⊗ sk
=
1
4π2
k
n
2
∫
|η|≤δ
χk(
√
kz)uˆ(
√
kz, η)τˆ
(
(m− kη) log k
k
)
log k
k
dηeimθ ⊗ sk.
(3.24)
Assume that |m| > kδ. Then |m − kη| 6= 0, for all |η| ≤ δ. There exists a constant C > 0
independent of k such that
(3.25)
∣∣∣∣τˆ ((m− kη) log kk
)∣∣∣∣ ≤ C|m− kη|3 k3(log k)3 .
By Ho¨lder inequality
(3.26)∫
|η|≤δ
|uˆ(
√
kz, η)| 1|m − kη|3 dη ≤
(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
·
(∫
|η|≤δ
1
(m− kη)6 dη
) 1
2
.
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Note that
(3.27)
(∫
|η|≤δ
1
(m− kη)6 dη
) 1
2
=
1√
5k
([
1
(m− kδ)5 −
1
(m+ kδ)5
]) 1
2
.
From (3.24), (3.25), (3.26) and (3.27), we have
|αk,m(z, θ)|hLk ≤
C
4π2
k
n
2 χk(
√
kz)
k2
(log k)2
√
5k
e−
kΦ(z)
2
(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
×
[
1
(m− kδ)5 −
1
(m+ kδ)5
] 1
2
.
(3.28)
Let 0 < ε < 13 be a small constant. Since∑
|m|>kδ+ k
(log k)1+ε
+1
[
1
(m− kδ)5 −
1
(m+ kδ)5
] 1
2
= 2
∑
m>kδ+ k
(log k)1+ε
+1
[
1
(m− kδ)5 −
1
(m+ kδ)5
] 1
2
≤ 2
∑
m>kδ+ k
(log k)1+ε
+1
[
1
(m− kδ)
] 5
2
≤ 2
∫ ∞
k
(log k)1+ε
1
σ
5
2
dσ =
4
3
(log k)
3
2
(1+ε)
k
3
2
,
(3.29)
we have ∣∣∣ ∑
|m|>kδ+ k
(log k)1+ε
+1
αk,m(z, θ)
∣∣∣
hLk
≤ C
3π2
k
n
2 χk(
√
kz)
k2
(log k)2
1√
5k
(log k)
3
2
(1+ε)
k
3
2
e−
kΦ(z)
2
(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
≤ C1k
n
2 χk(
√
kz)
1
(log k)
1−3ε
2
e−
kΦ(z)
2
(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
,
(3.30)
where C1 > 0 is a constant independent of k. Let γk(z, θ) =
∑
|m|>kδ+ k
(log k)1+ε
+1
αk,m(z, θ).
Then
(3.31) |γk(z, θ)|2hLk ≤ C1k
nχ2k(
√
kz)
1
(log k)1−3ε
e−kΦ(z)
∫
|η|≤δ
|uˆ(
√
kz, η)|2dη.
For anyM > 0,∫
|z|≤ log k
k
∫
|θ|≤M
k
|γk(z, θ)|2hLkm(z)dv(z)dθ
≤ C2 M
(log k)1−3ε
∫
|z|≤log k
∫
|η|≤δ
χ2k(z)e
−kΦ( z√
k
)|uˆ(z, η)|2m( z√
k
)dv(z)dθ.
(3.32)
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Letting k →∞, we have
(3.33) lim
k→∞
∫
|z|≤ logk√
k
∫
|θ|≤M
k
|γk(z, θ)|2hLkm(z)dv(z)dθ = 0.
On the other hand,
|αk,m(z, θ)|hLk ≤
1
2π
k
n
2
∫ π
−π
∫
|η|≤δ
χk(
√
kz)τk(kt)|uˆ(
√
kz, η)|dtdηe− kΦ(z)2
≤ 1
2π
k
n
2
∫
|η|≤δ
|uˆ(
√
kz, η)|dηχk(
√
kz)
(
log k
k
)
dηe−
kΦ(z)
2
≤ Ck n2
(
log k
k
)(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
dηχk(
√
kz)e
−kΦ(z)
2 ,
(3.34)
where C > 0 is a constant independent of k. Let σk =
∑
kδ<|m|≤kδ+ k
(log k)1+ε
αk,m(z, θ). Then
|σk|hLk ≤ C
log k
k
k
(log k)1+ε
k
n
2
(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
χk(
√
kz)e
−kΦ(z)
2
≤ C 1
(log k)ε
k
n
2
(∫
|η|≤δ
|uˆ(
√
kz, η)|2dη
) 1
2
χk(
√
kz)e−
kΦ(z)
2 .
(3.35)
From (3.35), we can check that
(3.36) lim
k→∞
∫
|z|≤ logk√
k
,|θ|≤M
k
|σk|2m(z)dv(z) = 0, ∀M > 0.
Write αk = βk + γk + σk. Here, βk =
∑
|m|≤kδ
αk,m. Then
(3.37)
∫
|z|≤ log k√
k
,|θ|≤M
k
|βk|2hLkm(z)dv(z)dθ =
∫
|z|≤ log k√
k
,|θ|≤M
k
|αk−γk−σk|2hLkm(z)dv(z)dθ.
Since
(3.38)
lim
k→∞
∫
|z|≤ log k√
k
,|θ|≤M
k
|αk|2hLkm(z)dv(z)dθ =
∫
Cn−1×{θ∈R:|θ|≤M}
|u(z, θ)|2e−Φ0(z)dv(z)dθ
and ‖u‖2 = 1, for any ǫ > 0, we can choose a constantM > 0 such that
(3.39)
∫
Cn−1×{θ∈R:|θ|≤M}
|u(z, θ)|2e−Φ0(z)dv(z)dθ ≥ 1− ǫ.
From (3.33), (3.36), (3.37), (3.38) and (3.39), we deduce that
(3.40) lim inf
k→∞
‖βk‖2hLk ≥ limk→∞
∫
|z|≤ log k√
k
,|θ|≤M
k
|βk|2hLkm(z)dv(z)dθ ≥ 1− ǫ, ∀ǫ > 0.
Thus,
lim inf
k→∞
‖βk‖2hLk ≥ 1.
On the other hand, ‖βk‖2
hLk
≤ ‖αk‖2
hLk
≤ 1, then we have
(3.41) lim
k→∞
‖βk‖2hLk = 1.
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Proof of (2) in Theorem 3.2. Recall that αk = βk + γk + σk. From (3.31), we have
(3.42) k−n|γk(0, 0)|2hLk ≤ C1
1
(log k)1−3ε
∫
|η|≤δ
|uˆ(0, η)|2dη.
Then
(3.43) lim
k→∞
k−n|γk(0, 0)|2hLk = 0.
From (3.35), we have
(3.44) k−n|σk(0, 0)|2hLk ≤
∫
|η|≤δ
|uˆ(0, η)|2dη 1
(log k)2ε
.
Then
(3.45) lim
k→∞
k−n|σk(0, 0)|2hLk = 0.
Combining (3.9), (3.43) and (3.45) we get the conclusion of the second part of Theorem
3.2.
Proof of (3) in Theorem 3.2. βk = Fδ,kαk. Since αk = Fδ,kαk + (I − Fδ,k)αk. Since

(q)
b,kF
(q)
δ,k = F
(q)
δ,k
(q)
b,k, then
(3.46) 
(q)
b,kαk = 
(q)
b,kFδ,kαk + (I − Fδ,k)(q)b,kαk
and (
1
k

(q)
b,kβk|βk
)
hLk
=
(
1
k

(q)
b,kαk|Fδ,kαk
)
hLk
=
(
Fδ,k
1
k

(q)
b,kαk|Fδ,kαk
)
hLk
≤
(
1
k

(q)
b,kαk|αk
)
hLk
≤ µk.
(3.47)
for some µk tending to zero. Similarly, we can repeat the procedure above and get (4) in
Theorem 3.2. Thus, we get the conclusion of Theorem of 3.2. 
4. EXAMPLES
In this section, some examples are collected. The aim is to illustrate the main results in
some simple situations.
4.1. CRmanifolds in projective spaces. We considerCPN−1,N ≥ 3. Let [z] = [z1, . . . , zN ]
be the homogeneous coordinates of CPN−1. Put
X :=
{
[z1, . . . , zN ] ∈ CPN−1; λ1 |z1|2 + · · ·+ λm |zm|2 + · · ·+ λN |zN |2 = 0
}
,
where m ∈ N and λj ∈ R j = 1, . . . , N . We assume that λ1 < 0, . . . , λm < 0, λm+1 >
0, λm+2 > 0, . . . , λN > 0. Then X is a compact CR manifold of dimension 2(N − 1) − 1
with CR structure T 1,0X := T 1,0CPN−1
⋂
CTX. X admits a S1 action:
S1 ×X → X,
eiθ ◦ [z1, . . . , zm, zm+1, . . . , zN ]→ [eiθz1, . . . , eiθzm, zm+1, . . . , zN ], θ ∈ [−π, π).
(4.1)
Since (z1, . . . , zm) 6= 0 on X, this S1 action is well-defined. Moreover, it is straightforward
to check that this S1 action is CR and transversal. Let T be the global vector field induced
by the S1 action.
Let E → CPN−1 be the hyperplane line bundle with respect to the Fubini-Study metric.
For j = 1, 2, . . . , N , put Wj =
{
[z1, . . . , zN ] ∈ CPN−1; zj 6= 0
}
. Then, E is trivial on Wj ,
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j = 1, . . . , N , and we can find local trivializing section ej of E on Wj, j = 1, . . . , N , such
that for every j, t = 1, . . . , N ,
(4.2) ej(z) =
zj
zt
et(z) onWj
⋂
Wt, z = [z1, . . . , zN ] ∈Wj
⋂
Wt.
Consider L := E|X . Then, L is a CR line bundle over (X,T 1,0X). It is easy to see that
X can be covered with open sets Uj := Wj |X , j = 1, 2, . . . ,m, with trivializing sections
sj := ej |X , j = 1, 2, . . . ,m, such that the corresponding transition functions are rigid CR
functions. Thus, L is a rigid CR line bundle over (X,T 1,0X). Let hL be the Hermitian fiber
metric on L given by
|sj(z1, . . . , zN )|2hL := e
− log
( |z1|2+···+|zN |2
|zj|2
)
, j = 1, . . . ,m.
It is not difficult to check that hL is well-defined and hL is a rigid positive CR line bundle.
From this and Theorem 1.7, we conclude that L is a big line bundle over X.
4.2. Compact Heisenberg groups. Let λ1, . . . , λn−1 be given non-zero integers. Let CHn =
(Cn−1 × R)/∼ , where (z, t) ∼ (z˜, t˜) if
z˜ − z = (α1, . . . , αn−1) ∈
√
2πZn−1 + i
√
2πZn−1,
t˜− t− i
n−1∑
j=1
λj(zjαj − zjαj) ∈ 2πZ.
We can check that ∼ is an equivalence relation and CHn is a compact manifold of dimen-
sion 2n − 1. The equivalence class of (z, t) ∈ Cn−1 × R is denoted by [(z, t)]. For a given
point p = [(z, t)], we define T 1,0p CHn to be the space spanned by{
∂
∂zj
+ iλjzj
∂
∂t , j = 1, . . . , n− 1
}
.
It is easy to see that the definition above is independent of the choice of a representative
(z, t) for [(z, t)]. Moreover, we can check that T 1,0CHn is a CR structure. CHn admits the
natural S1 action: eiθ ◦ [z, t] → [z, t + θ], 0 ≤ θ < 2π. Let T be the global vector field
induced by this S1 action. We can check that this S1 action is CR and transversal and
T = ∂∂t . We take a Hermitian metric 〈 · | · 〉 on the complexified tangent bundle CTCHn
such that {
∂
∂zj
+ iλjzj
∂
∂t ,
∂
∂zj
− iλjzj ∂∂t ,− ∂∂t ; j = 1, . . . , n− 1
}
is an orthonormal basis. The dual basis of the complexified cotangent bundle is{
dzj , dzj , ω0 := −dt+
∑n−1
j=1 (iλjzjdzj − iλjzjdzj); j = 1, . . . , n− 1
}
.
The Levi form Lp of CHn at p ∈ CHn is given by Lp =
∑n−1
j=1 λjdzj ∧ dzj.
Now, we construct a rigid CR line bundle L over CHn. Let L = (C
n−1×R×C)/≡ where
(z, θ, η) ≡ (z˜, θ˜, η˜) if
(z, θ) ∼ (z˜, θ˜),
η˜ = η exp(
n−1∑
j,t=1
µj,t(zjαt +
1
2
αjαt)),
where α = (α1, . . . , αn−1) = z˜ − z, µj,t = µt,j , j, t = 1, . . . , n − 1, are given integers. We
can check that ≡ is an equivalence relation and L is a rigid CR line bundle over CHn. For
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(z, θ, η) ∈ Cn−1 ×R×C, we denote [(z, θ, η)] its equivalence class. It is straightforward to
see that the pointwise norm∣∣[(z, θ, η)]∣∣2
hL
:= |η|2 exp (−∑n−1j,t=1 µj,tzjzt)
is well defined. In local coordinates (z, θ, η), the weight function of this metric is
φ =
n−1∑
j,t=1
µj,tzjzt.
Thus, L is a rigid CR line bundle over CHn with rigid Hermitian metric h
L. Note that
∂b =
∑n−1
j=1 dzj ∧ ( ∂∂zj − iλjzj ∂∂θ ) , ∂b =
∑n−1
j=1 dzj ∧ ( ∂∂zj + iλjzj ∂∂θ ).
Thus d(∂bφ− ∂bφ) = 2
∑n−1
j,t=1 µj,tdzj ∧ dzt and for any p ∈ CHn,
RLp =
n−1∑
j,t=1
µj,tdzj ∧ dzt.
From this and Theorem 1.7, we conclude that
Theorem 4.1. If (µj,t)
n−1
j,t=1 is positive definite, then L is a big line bundle on CHn.
4.3. Holomorphic line bundles over a complex torus. Let
Tn := C
n/(
√
2πZn + i
√
2πZn)
be the flat torus. Let λ = (λj,t)
n
j,t=1, where λj,t = λt,j , j, t = 1, . . . , n, are given in-
tegers. Let Lλ be the holomorphic line bundle over Tn with curvature the (1, 1)-form
Θλ =
∑n
j,t=1 λj,tdzj ∧ dzt. More precisely, Lλ := (Cn × C)/∼ , where (z, θ) ∼ (z˜, θ˜) if
z˜ − z = (α1, . . . , αn) ∈
√
2πZn + i
√
2πZn , θ˜ = exp
(∑n
j,t=1 λj,t(zjαt +
1
2αjαt )
)
θ .
We can check that ∼ is an equivalence relation and Lλ is a holomorphic line bundle over
Tn. For [(z, θ)] ∈ Lλ we define the Hermitian metric by∣∣[(z, θ)]∣∣2 := |θ|2 exp(−∑nj,t=1 λj,tzjzt)
and it is easy to see that this definition is independent of the choice of a representative
(z, θ) of [(z, θ)]. We denote by φλ(z) the weight of this Hermitian fiber metric. Note that
∂∂φλ = Θλ.
Let L∗λ be the dual bundle of Lλ and let ‖ · ‖L∗λ be the norm of L
∗
λ induced by the
Hermitian fiber metric on Lλ. Consider the compact CR manifold of dimension 2n + 1:
X = {v ∈ L∗λ : ‖v‖L∗λ = 1}; this is the boundary of the Grauert tube associated to L
∗
λ.
The manifold X is equipped with a natural S1-action. Locally X can be represented in
local holomorphic coordinates (z, η), where η is the fiber coordinate, as the set of all (z, η)
such that |η|2 eφλ(z) = 1. The S1-action on X is given by eiθ ◦ (z, η) = (z, eiθη), eiθ ∈ S1,
(z, η) ∈ X. Let T be the global vector field on X induced by this S1 action. We can check
that this S1 action is CR and transversal.
Let π : L∗λ → Tn be the natural projection from L∗λ onto Tn. Let µ = (µj,t)nj,t=1, where
µj,t = µt,j , j, t = 1, . . . , n, are given integers. Let Lµ be another holomorphic line bundle
over Tn determined by the constant curvature form Θµ =
∑n
j,t=1 µj,tdzj ∧ dzt as above.
The pullback line bundle π∗Lµ is a holomorphic line bundle over L∗λ. If we restrict π
∗Lµ
on X, then we can check that π∗Lµ is a rigid CR line bundle over X.
The Hermitian fiber metric on Lµ induced by φµ induces a Hermitian fiber metric on
π∗Lµ that we shall denote by hπ
∗Lµ . We let ψ to denote the weight of hπ
∗Lµ . The
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part of X that lies over a fundamental domain of Tn can be represented in local holo-
morphic coordinates (z, ξ), where ξ is the fiber coordinate, as the set of all (z, ξ) such
that r(z, ξ) := |ξ|2 exp(∑nj,t=1 λj,tzjzt) − 1 = 0 and the weight ψ may be written as
ψ(z, ξ) =
∑n
j,t=1 µj,tzjzt. For convenient we denote π
∗Lµ by L. From this we see that L is
a T−rigid CR line bundle overX with rigid Hermitian fiber metric hL. It is straightforward
to check that for any p ∈ X, we have RLp = 12d(∂bψ− ∂bψ)(p)|T 1,0X =
∑n
j,t=1 µj,tdzj ∧ dzt.
Thus, if (µj,t)
n−1
j,t=1 is positive definite, then L is a rigid positive CR line bundle. From this
and Theorem 1.7, we conclude that
Theorem 4.2. If (µj,t)
n−1
j,t=1 is positive definite, then L is a big line bundle over X.
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